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Abstract
Let X be a smooth complex surface of general type and let φ :
X → Ppg(X)−1 be the canonical map of X. Suppose that the image
Σ of φ is a surface and that φ has degree δ ≥ 2. Let ǫ:S → Σ be a
desingularization of Σ and assume that the geometric genus of S is not
zero. Beauville ([B2]) proved that in this case the surface S is of general
type and ǫ is the canonical map of S. Beauville also constructed the
only infinite series of examples φ : X → Σ with the above properties
that was up to now available in the literature. This construction has
lead us to introduce the notion of a good generating pair, namely of a
pair (h : V → W,L) where h is a finite morphism of surfaces and L
is a nef and big line bundle of W satisfying certain assumptions. The
most important of these are: i) |KV + h∗L| = h∗|KW + L|, and ii)
the general curve C of L is smooth and non-hyperelliptic. We show
that, by means of a construction analogous to the one of Beauville’s,
every good generating pair gives rise to an infinite series of surfaces of
general type whose canonical map is 2-to-1 onto a canonically embedded
surface. In this way we are able to construct more infinite series of such
surfaces (cf. section 3). In addition, we give bounds on the invariants
of good generating pairs and show that there exist essentially only 2
good generating pairs with dim |L| > 1. The key fact that we exploit
for obtaining these results is that the Albanese variety P of V is a
Prym variety and that the fibre of the Prym map over P has positive
dimension.
1 Introduction
Let X be a smooth surface of general type and let φ:X → Σ ⊆ Ppg(X)−1 be
the canonical map of X , where Σ is the image of φ. Suppose that Σ is a
surface and that φ has degree δ ≥ 2. Let ǫ:S → Σ be a desingularization of
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Σ. A classical result, which goes back to Babbage [Bab], and has been more
recently proved by Beauville, [B2] (see also [Cat1]), says that either pg(S) = 0
or S is of general type and ǫ:S → Σ is the canonical map of S. In the latter
case we have a dominant rational map ψ:X → S of degree δ, which we call a
good canonical cover of degree δ (see definition 2.3 for a slightly more general
definition).
While there is no problem at all in exhibiting as many examples as one
likes of the former type, i.e. where pg(S) = 0 (see [B2]), not so many good
canonical covers are available in the current literature. In few sporadic exam-
ples of such covers the surface X is regular (see [VdGZ], [B2] proposition 3.6,
[Cat1] theorem 3.5, [C1], [Pa2]). On the other hand, there is an interesting
construction, due to Beauville (see [Cat2], 2.9 and [MP]), which produces an
infinite series of such covers of degree 2 where X is irregular, precisely of irreg-
ularity 2. Beauville’s construction is recalled in §4 and in example 3.1. The
resulting canonical covers have been extensively studied in [MP], where they
have been classified in terms of their birational invariants.
In our attempts to find more examples of canonical covers, we have been
lead to understand Beauville’s construction better. In particular we extracted
from it its main features, and this lead us to give a definition, the one of a
good generating pair (see 2.4 for a more general definition), which, roughly
speaking, is the following. A good generating pair (h:V → W,L) is the datum
of a finite morphism h:V → W of degree 2 between surfaces, V smooth and
irreducible, W with isolated double points of type A1, and L a nef and big line
bundle on W . Furthermore one requires that |L| has at least dimension 1 and
contains a smooth, irreducible, non–hyperelliptic curve C, that h∗KW = KV
(this means that h has only isolated ramification points, corresponding to
the double points of W ) and that the pull-back of the adjoint linear system
|KW + L| is the complete linear system |KV + h∗L|.
However cumbersome and un–motivated this definition may appear at a
first glance, it turns out to be rather useful for constructing canonical covers.
Indeed one finds many of these in the following way (see §3 for details). Con-
sider the map h˜ = h× Id:V ×P1 →W ×P1 and the projections pi, i = 1, 2,
of W × P1 onto the two factors. A general surface Σ ∈ |p∗1L ⊗ p∗2OP1(n)|,
n ≥ 3, has only points of type A1 as singularities. We set X = h˜∗(Σ),
φ = h˜|X :X → Σ, ǫ:S → Σ the minimal desingularization, ψ = ǫ−1 ◦ φ.
Then, using adjunction both on V ×P1 and W ×P1, one sees that ψ : X → S
is a good canonical cover of degree 2.
General properties of generating pairs (h:V → W,L) are studied in §5
(see also §8, where some information about higher degree generating pairs has
been collected). In particular, we see that V and W have the same Kodaira
dimension (see proposition 5.5), and, while W is always regular, V ,instead, is
irregular, and its irregularity can be expressed in terms of the genus g of the
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general curve C ∈ |L| and of the degree of h (see proposition 5.4). We also
give formulas for the invariants of the canonical covers arising from a given
generating pair (see proposition 2.7).
It is interesting to notice that Beauville’s example is essentially character-
ized by the fact that V and W have Kodaira dimension κ = 0 (see proposition
8.2 for a more precise statement). The case of Kodaira dimension 1 is also
rather restricted, as proposition 8.3 shows.
Beauville’s example corresponds to the case in which V is a principally
polarized abelian surface, W is its Kummer surface, and L is the polarization
on W which lifts to a symmetric principal polarization on V . Unfortunately,
more generating pairs do not easily show up. The only ones which we know
about are listed in section §3. These give rise to more infinite series of good
canonical covers which wait for a deeper understanding, like, as we said, in
[MP] has been done for Beauville’s examples.
The difficulty in finding generating pairs is not casual. This is explained in
§6, and this is where Prym varieties come into the picture. If (h:V →W,L) is a
generating pair, and C is a general curve in |L|, of genus g, then h∗C = C ′ → C
is an unramified double cover, with a related Prym variety Prym(C ′, C). In
theorem 6.1 we prove that Prym(C ′, C) is naturally isomorphic to the Albanese
variety of V . As a consequence we find that, if the generating pair is good, the
Albanese image of V is a surface and therefore the Kodaira dimension of V
andW is non–negative (see corollary 6.2). Moreover, some general facts about
irregular surfaces and isotrivial systems of curves on them, which have been
collected in §4, imply that the Prym map has an infinite fibre at the cover
h:C ′ → C (see proposition 6.6). This, together with results about the fibre
of the Prym map due to several authors (see §6 for references), enable us to
prove that, if (h:V → W,L) is a good pair, then one has the bounds g ≤ 12
for the genus g of C and is q ≤ 11 for the irregularity q of V (see theorem
6.9 and proposition 6.11). We suspect that, along the same lines, it should be
possible to improve this bound for g and q, but this would preliminarly require
a deepening of our understanding of the fibres of the Prym map. For instance
we would like to know answers to questions like: when may these fibres contain
rational curves? Problems, of course, of independent interest.
Finally, using Reider’s method, we obtain the bound L2 ≤ 4 (see proposi-
tion 7.3), so that one really sees why there are not so many possibilities for a
good generating pair. We give a complete classification of good pairs with L
ample and h0(L,W ) > 2.
These satisfy h0(W,L) ≤ 4 and L2 = 3, 4. The only example with h0(W,L) =
4 is Beauville’s one (see corollary 7.4). The cases h0(W,L) = 3 and L2 = 3 or
L2 = 4 but |L| with a base point are studied in §7. (see theorem 7.10); we find
that the former case corresponds either to example 3.3 or to a suitable mod-
ification of Beauville’s example, while the latter does not occur. These cases
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share the feature that the general curve C is trigonal, and we take advantage,
in the proof of our classification theorem 7.10, of a globalization to V of the
well known trigonal construction ([Ca2]), which is the inverse of the equally
famous Recillas’ construction. A different proof of the same result is sketched
in remark 7.9.
Finally we prove that L2 = 4, h0(W,L) = 3 does not occur (see corollary
7.7). In the pencil case h0(W,L) = 2 (in which there are examples, like 3.2, but
a classification is still lacking) we show that the possibility L2 = 4 is severely
restricted (see corollary 7.7).
Using similar ideas, we are able to construct an infinite family of good
canonical covers with X regular. We will be back on this in a forthcoming
paper.
Notation and conventions: all varieties are defined over the field of com-
plex numbers. A map between varieties is a rational map, while a morphism is
a rational map that is regular at every point. We do not distinguish between
Cartier divisors and line bundles and use the additive and multiplicative no-
tation interchangeably. The Kodaira dimension of a variety X is denoted by
κ(X). We denote by ∼num the numerical equivalence between divisors on a
smooth surface.
2 Canonical covers and generating pairs
Notation 2.1 Let S be a surface with canonical singularities, i.e. either
smooth or with rational double points, so that in particular S is Gorenstein.
We denote by KS the canonical divisor of S, and we let pg(S) = h
0(S,KS) =
h2(S,OS) be the geometric genus and q(S) = h1(S,OS) the irregularity. If
pg(S) ≥ 2, the canonical map of S is the rational map φ:S → Ppg(S)−1 defined
by the moving part of the canonical system |KS| of S. If S0 is the open set of
smooth points of S and ǫ:S ′ → S is any desingularization, then pg(S) = pg(S ′)
and q(S) = q(S ′) = h0(S ′,Ω1S′) = h
0(S0,Ω
1
S0
). The Albanese map of S ′ factors
through ǫ, since the exceptional locus of ǫ is a union of rational curves, and so
we can speak of the Albanese map of S.
Let X be a smooth surface of general type and let φ:X → Σ ⊆ Ppg(X)−1
be the canonical map of X , where Σ is the image of φ. We assume that Σ
is a surface and that φ has degree d ≥ 2, and we denote by ǫ:S → Σ a
desingularization of Σ. We recall the following theorem due to Beauville, [B2],
Thm. 3.4.
Theorem 2.2 Under the above assumptions, either:
(i) pg(S) = 0 or;
(ii) S is of general type and ǫ:S → Σ is the canonical map of S.
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We introduce some terminology for surfaces verifying condition (ii) of Theorem
2.2:
Definition 2.3 Let X,S be smooth surfaces of general type. Let ψ:X → S be
a dominant rational map of degree d ≥ 2. Assume that:
(CC1) pg(X) = pg(S);
(CC2) the canonical image of S is a surface Σ.
In this case the canonical map φ : X → Σ of X is the composition of ψ and
the canonical map ǫ:S → Σ of S, and we say that ψ:X → S is a canonical
cover of degree d. If ǫ:S → Σ is birational, then we say that the canonical
cover is good.
A few sporadic examples of canonical covers are available in the literature
([VdGZ],[B2] prop. 3.6, [Cat1] thm. 3.5, [C1], [Pa2]). However, so far, there
is only one construction, due to Beauville (see [Cat2], 2.9 and [MP]), which
produces an infinite series of such covers. We recall it next.
Let V be a principally polarized abelian surface such that the principal
polarization D is irreducible, and let h:V → W be the quotient map onto the
Kummer surface W = V/ < −1 >. The surface W can be embedded into P3
as a quartic surface via a complete linear system |L| such that h∗|L| = |2D|.
Consider the map h˜ = h×Id:V ×P1 →W×P1 and the projections pi, i = 1, 2,
ofW×P1 onto the two factors. A general surface Σ ∈ |p∗1L⊗p∗2OP1(n)|, n ≥ 3,
has only points of type A1 as singularities. We set X = h˜
∗(Σ), φ = h˜|X :X →
Σ, ǫ:S → Σ the minimal desingularization, ψ = ǫ−1 ◦ φ:X → S. Then it is
easy to check, using adjunction both on V ×P1 and W ×P1, that ψ:X → S
is a good canonical cover of degree 2.
We wish to study to what extent this construction can be generalized. We
introduce a class of pairs (h:V →W,L), where h:V →W is a finite morphism
of surfaces and L is a line bundle on W , in such a way that by applying the
above construction to (h:V → W,L) one gets an infinite series of canonical
covers.
Definition 2.4 Consider a pair (h:V → W,L), where h is a finite morphism
of degree d ≥ 2 between irreducible surfaces, V smooth, W with at most canon-
ical singularities and L is a line bundle on W , such that:
(GP1) KV = h
∗KW ;
(GP2) h0(W,L) ≥ 2 and L is big, i.e. L2 > 0;
(GP3) the general curve C of |L| is smooth of genus g ≥ 2 and the curve
C ′ := h∗C is not hyperelliptic;
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(GP4) pg(V ) = pg(W ), h
0(V,KV + h
∗L) = h0(W,KW + L) > 0.
We call (h:V → W,L) a degree d and genus g generating pair of canonical
covers, and we denote by L′ the line bundle h∗L on V . The pair is said to be
minimal if both V and W are minimal.
The generating pair is called good if the general C of |L| is not hyperelliptic
(hence g ≥ 3 in this case).
Notice that condition (GP1) is equivalent to the fact that h is ramified only
over the singular points of W . Condition (GP3) and Bertini’s theorem imply
that the general curve C in |L| is smooth and irreducible, hence L is also nef,
i.e. LD ≥ 0 for every effective divisor D on V . The assumption that C ′ is not
hyperelliptic is a technical condition whose meaning will be clearer later (cf.
for instance theorem 6.1). Finally, the base points of |L|, if any, are smooth
points of W .
In the rest of this section we show that by applying the original construction
of Beauville, to a (good) generating pair one obtains an infinite series of (good)
canonical covers, and we compute the invariants of such canonical covers. In
order to do this, we need the following result, that will be proven later (cf.
proposition 5.4):
Proposition 2.5 If (h:V →W,L) is a generating pair, then q(W ) = 0.
We introduce now some more notation:
Notation 2.6 Given a generating pair (h:V → W,L) of degree d and genus
g, we denote by pi, i = 1, 2, the projections of W ×P1 onto the two factors and
we write h˜ = h × Id:V ×P1 → W ×P1. We denote by L(n) the line bundle
p∗1L⊗ p∗2OP1(n), where n is a positive integer.
In addition, we let Σ ∈ |L(n)| be a general surface, Y = h˜∗(Σ). We denote
by ǫ:S → Σ and ǫ′:X → Y the minimal desingularizations, by f the map
h˜|X :X → Σ, and by ψ the map ǫ−1 ◦ f ◦ ǫ′:X → S.
Proposition 2.7 We use notation 2.6.
Let (h:V →W,L) be a generating pair of degree d and genus g. If n ≥ 3, then
one has:
i) let Σ ∈ |L(n)| be general and let Y = h∗Σ; Σ and Y are surfaces of
general type with at most canonical singularities. If in addition L is ample,
then S and X are both minimal;
ii) ψ:X → S is a canonical cover of degree d, that is said to be n–related
to the generating pair (h:V → W,L). If the generating pair is good, then
ψ:X → S is a good canonical cover, while if the generating pair is not good
then the canonical map of S is 2-to-1 onto a rational surface;
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iii) the invariants of S are: pg(S) = npg(W ) + (n − 1)g, q(S) = 0, K2S =
n(K2W − L2) + 8(n− 1)(g − 1);
iv) the invariants of X are: pg(X) = pg(S) and q(X) = (d − 1)(g − 1),
K2X = dK
2
S.
Proof: Recall that by condition (GP2) of definition 2.4 the general curve of
|L| is smooth, and thus, in particular, |L| has no fixed components. Thus also
the linear system |L(n)| has no fixed components and is not composed with
a pencil. Therefore its general member Σ is irreducible. Moreover the set of
base points of |L(n)| is the inverse image via p1 of the set of base points of |L|
and thus it is a finite union of fibres of p1. Using Bertini’s theorem and the
fact that the general curve of |L| is smooth, one proves that the singularities
of the general Σ ∈ |L(n)| at points of the fixed locus of |L(n)| are finitely
many rational double points of type Ar. Now, the projection p1 restricts to
a generically finite map p: Σ → W of degree n which, by Bertini’s theorem
again, is unramified over the singular points of W . So the general Σ has, over
each singular point x of W , n singularities which are analytically equivalent to
the one W has in x (i.e. n canonical singularities) and it is smooth at points
that are smooth for W × P1 and are not base points of |L(n)|. To describe
the singularities of Y = h˜∗(Σ), we notice that the restriction Y → Σ of h˜ is
ramified precisely over the singularities of Σ that occur at singular points of
W × P1; so Y has d singularities analytically isomorphic to those of Σ over
each of those singular points of Σ that occur at base points of |L(n)| and it is
smooth elsewhere, since it is general in h˜∗|L(n)|. In conclusion the singularities
of Y and Σ are canonical, and their invariants, which we now compute, are
equal to those of X , S, respectively.
By the adjunction formula and condition (GP1) in definition 2.4, one has
KΣ = (KW×P1 + Σ)|Σ = (p∗1KW + L(n − 2))|Σ and KX = (KV×P1 +X)|X =
h˜∗(KW×P1+Σ)|X = ψ∗(KΣ), and thusK2S = K2Σ = n(K2W−L2)+8(n−1)(g−1),
K2X = dK
2
S . To compute the remaining invariants of S, Σ andX , one considers
the long cohomology sequences associated to the restriction sequences
0→ KW×P1 → KW×P1 + L(n)→ KΣ → 0
and
0→ KV×P1 → KV×P1 + h˜∗L(n)→ KX → 0.
By Kawamata-Viehweg’s vanishing theorem, we have hi(W × P1, KW×P1 +
L(n)) = hi(V ×P1, KV×P1 + h˜∗L(n)) = 0 for i > 0. Hence:
pg(S) = h
0(Σ, KΣ) =
= h0(W ×P1, KW×P1 + L(n)) + h1(W ×P1, KW×P1) =
= h0(W,KW + L)(n− 1) + pg(W ) = npg(W ) + (n− 1)g
7
where the last equality follows again from Kawamata–Viehweg’s vanishing and
the last equality but one follows from q(W ) = 0. Therefore, by the definition
of a generating pair:
pg(X) = h
0(V,KV + L)(n− 1) + pg(V ) = pg(S).
A similar computation gives q(S) = q(W ) = 0, q(X) = q(V ) = (d− 1)(g − 1).
The linear system |KΣ| contains the restriction of the system |p∗1KW +
L(n − 2)|, whose fixed locus is the inverse image via p1 of the fixed locus of
|KW+L|. Let C ∈ |L| be a smooth curve; sinceW is regular, the linear system
|KW + L| restricts to the complete canonical system |KC|. Thus C does not
contain any base point of |KW +L|. If L is ample, this implies that |KW +L|
has a finite number of base points, none of which is also a base point of |L|.
Thus in this case the fixed locus of |p∗1KW +L(n− 2)| intersects the general Σ
in a finite number of points and, a fortiori, the canonical system of Σ has no
fixed components and the surfaces X , S are minimal.
Notice now that |p∗1KW +L(n−2)| separates the fibres of p2|Σ, since n ≥ 3.
A fibre F of p2|Σ is identified by p1 with a curve C ∈ |L| and the restriction
of |p∗1KW +L(n− 2)| to F is identified with the restriction of |KW + L| to C,
which is the complete canonical system |KC |, since W is regular. Thus, if the
general C is not hyperelliptic, then the canonical map of S is birational and
ψ:X → S is a good canonical cover, while if the general C is hyperelliptic then
the canonical map of S is of degree 2 onto a rational surface and ψ:X → S is
a non good canonical cover. ⋄
Since we aim at a classification of generating pairs, we find useful to in-
troduce a notion of blow-up. We will show (cf. corollary 6.3) that in most
cases that almost every generating pair is obtained from a minimal one by a
sequence of blow-ups.
Definition 2.8 Let (h:V → W,L) be a generating pair of degree d and genus
g. Let x ∈ W be a smooth point. Then we can consider the cartesian square:
V ′ → V
h′ ↓ ↓ h
W ′
f→ W
where f :W ′ → W is the blow-up of W at x, with exceptional divisor E and,
accordingly, V ′ is the blow-up of V at the d points x1, ..., xd of the fibre of h
over x. Fix m = 0 or 1 and assume that:
(i) L2 > m2;
(ii) h0(W ′, f ∗L−mE) ≥ 2 and the general curve C ∈ |h′∗L−mE| is smooth.
Then the pair (h′:V ′ →W ′, f ∗L−mE) is again a generating pair. We say
that it is obtained from (h:V → W,L) by a simple blow-up. The blow-up is
said to be essential if m = 1 and inessential if m = 0.
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The reason why we only consider m ≤ 1 in the above definition is that gener-
ating pairs satisfy the inequality L2 ≤ 4 (cf. prop. 7.3 and prop. 8.4).
3 Examples of generating pairs
In this section we describe some examples of generating pairs.
Example 3.1 Beauville’s example. (see [Cat2], 2.9, [MP], example 4 in sec-
tion 3). This example has already been described in section 2: V is a prin-
cipally polarized abelian surface with an irreducible polarization D, W is the
Kummer surface of V , h:V → W is the projection onto the quotient, and L
is an ample line bundle on W such that the class of L′ = h∗L is equal to 2D.
This generating pair is good and therefore so is any related canonical cover.
More precisely, by proposition 2.7, an n-related canonical cover ψ:X → S is
minimal, with geometric genus 4n− 3. The invariants of S and X satisfy the
relations:
K2S = 3pg(S)− 7; K2X = 6pg(X)− 14; q(X) = 2.
According to [MP], Thm. 4.1, this is the only good generating pair such that
the related canonical covers satisfy K2X = 6pg(X)− 14 and KX is ample.
Notice that, if, in the above situation, the polarization D on V is not
irreducible, then the same construction produces a generating pair which is
no longer good (cf. also [MP], example 2 in section 3). We will refer to this
example as to the non good Beauville’s example.
Example 3.2 A good generating pair of degree 2 and genus 3. (cf. also [C2],
example (c), page 70). Let A be an abelian surface with an irreducible principal
polarization D, let p:V → A be the double cover branched on a symmetric
divisor B ∈ |2D| and such that p∗OV = OA⊕OA(−D). Since KV = p∗(D), the
invariants of the smooth surface V are: pg(V ) = 2, q(V ) = 2, K
2
V = 4. By the
symmetry of B, multiplication by −1 on A can be lifted to an involution i of V
that acts as the identity on h0(V,KV ). We denote by h:V → W = V/ < i >
the projection onto the quotient. We observe that pg(W ) = 2, q(W ) = 0,
K2W = 2 and the only singularities of the surface W are 20 ordinary double
points. In addition, h0(W, 2KW ) = χ(OW )+K2W = 4 = h0(V, 2KV ), so that the
bicanonical map of V factors through h:V →W . An alternative description of
W is as follows. One embeds, as usual, the Kummer surface Kum(A) of A as
a quartic surface in P3 = P(H0(A, 2D)⋆). The surface W is a double cover of
Kum(A) branched over the smooth plane section H of Kum(A) corresponding
to B and on 6 nodes (corresponding to the six points of order 2 of A lying
on D). The ramification divisor R of W → Kum(A) is a canonical curve
9
isomorphic to H , and thus it is not hyperelliptic. This completes the proof
that (h:V → W,KW ) is a good generating pair. Notice that, under suitable
generality assumptions, KW , as well as KV , is ample. An n-related canonical
cover ψ:X → S has geometric genus 5n− 3 and is, in general, minimal. The
invariants of S and X satisfy the relations:
5K2S = 16pg(S)− 32; 5K2X = 32pg(X)− 64; q(X) = 2. (1)
Example 3.3 A good generating pair of degree 2 and genus 4 (cf. [C2], exam-
ple 3.13). Let Γ be a non–hyperelliptic curve of genus 3 and let V := Sym2(Γ).
The surface V is smooth minimal of general type with invariants: K2V = 6,
pg(V ) = q(V ) = 3. If we embed Γ into P
2 via the canonical system, then
the canonical map of V sends the unordered pair {p, q} of V to the line
< p, q >∈ P2∗, hence it is a degree 6 morphism onto the plane. There is an in-
volution i on V that maps {p, q} ∈ V to {r, s}, where < p, q > ∩Γ = p+q+r+s.
The fixed points of i correspond to the 28 bitangents of Γ and the canonical
map of V clearly factors through the quotient map h:V → W = V/ < i >.
Hence the invariants of W are: pg(W ) = pg(V ) = 3, K
2
W = K
2
V /2 = 3,
χ(W ) = (χ(V ) + 7)/2 = 4, and thus q(W ) = 0. In addition we have
h0(W, 2KW ) = χ(OW ) + K2W = 7 = h0(V, 2KV ) and thus |2KV | = h∗|2KW |.
In order to complete the proof that (h:V →W,KW ) is a good generating pair
we remark that the general canonical curve C of W is not hyperelliptic, since
the restriction of |KW | to C is a base–point free g13. Notice that KW and KV
are ample. An n-related canonical cover ψ:X → S is minimal, of geometric
genus 7n− 4. The invariants of S and X satisfy the relations:
7K2S = 24pg(S)− 72; 7K2X = 48pg(X)− 144; q(X) = 3. (2)
An interesting question, concerning this example and the previous one, is
whether these are the only generating pairs such that the related canonical
covers have invariants satisfying (1) and (2).
Example 3.4 A non good generating pair of degree 3 and genus 2. Let p:W →
P2 be the double cover of P2 ramified on an irreducible sextic B with 9 cusps
(B is the dual of a smooth cubic). The surface W is a K3 surface whose
singularities are 9 double points of type A2. According to [BdF] (cf. also [BL2],
[Ba]), there exists a smooth cover h:V → W of degree 3 ramified only at the
9 double points. The surface V is an abelian surface. Let L = p∗(OP2(1)).
Since L is ample, we have h0(W,L) = χ(OW ) + 12L2 = 3 = h0(V, h∗L), and
thus (h:V → W,L) is a non good generating pair. An n-related, minimal,
canonical cover ψ:X → S has geometric genus 4n − 2. The invariants of S
and X satisfy the relations:
K2S = 2pg(S)− 4; K2X = 6pg(X)− 12; q(X) = 2.
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It is perhaps worth remarking that the surfaces S thus obtained have invariants
lying on the Noether’s line K2S = 2pg(S)− 4. It would be interesting to know
whether there are other canonical covers with so low geometric genus.
Example 3.5 A series of non good generating pairs of degree 2 with un-
bounded invariants. For i = 1, 2, let φi:Ci → P1 be a double cover, where
Ci is a smooth curve of genus gi > 0, and let σi be the involution on Ci in-
duced by φi. We set V = C1 × C2, W = V/ < σ1 × σ2 > and we denote
by h:V → W the projection onto the quotient. We remark that there exists
a double cover f :W → P1 × P1 such that φ1 × φ2:V → P1 × P1 factors as
φ1 × φ2 = f ◦ h. We denote by H a divisor of type (1, 1) on P1 ×P1 and we
set L = f ∗H . Both systems |KV | and |KV + h∗L| are clearly pull-back via
φ1 × φ2:V → P1 ×P1. This immediately implies that (h:V → W,L) is a non
good generating pair of degree 2 and genus g1+g2+1. One has: pg(W ) = g1g2,
q(V ) = g1 + g2. An n-related canonical cover ψ:X → S has geometric genus
ng1g2 + (n− 1)(g1 + g2 + 1) and moreover q(X) = g1 + g2.
Notice that, if g1 = g2 = 1, we find again the non good Beauville’s example
(cf. example 3.1).
4 Auxiliary results on irregular surfaces
In this section we collect a few general facts on irregular surfaces that will be
used in the rest of the paper. We use notation 2.1.
Proposition 4.1 Let h:V →W be a finite morphism of surfaces with canoni-
cal singularities such that KV = h
∗KW and pg(V ) = pg(W ). If q(V ) > q(W ) >
0, then the Albanese image of V is a curve.
Proof: The critical set ∆ of h is finite by assumption. We let W0 = W \
(Sing(W ) ∪ ∆) and V0 = h−1W0, so that the restricted map h:V0 → W0 is a
finite e´tale map between smooth surfaces. In particular h is flat, and there is
a canonical vector bundle isomorphism h∗OV0 ∼= OW0⊕E, where h∗OV0 and E
are locally free of ranks d = deg h and d− 1 respectively. Since ΩiV0 = h∗ΩiW0 ,
i = 1, 2, one has h∗Ω
i
V0
= ΩiW0 ⊗ h∗OV0 = ΩiW0 ⊕ (ΩiW0 ⊗ E). Notice that this
decomposition as a direct sum is canonical. We set M i+ = H
0(W0,Ω
i
W0
) and
M i− = H
0(W0,Ω
i
W0
⊗ E). We deduce that H0(V0,ΩiV0) = H0(W0, h∗ΩiV0) =
M i+ ⊕ M i− and we denote by πi+ the projection onto the first factor of this
decomposition. To ensure that the Albanese image is a curve, we show that
τ1 ∧ τ2 = 0 for every choice of τ1, τ2 ∈ H0(V0,Ω1V0) =M1+ ⊕M1−. Noticing that
bothM1+ andM
1
− are non-zero (since q(V ) > q(W ) > 0), we only need to show
that h∗σ ∧ τ = 0 for every choice of σ ∈ M1+ and τ ∈ M1−. Indeed, to show
that ∧2M1+ = 0 we fix (0 6=)τ ∈M1−: if σ1, σ2 ∈M1+, the vanishing h∗σi∧τ = 0
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(i = 1, 2) means that h∗σi is pointwise proportional to τ (i = 1, 2), so that
h∗σ1 and h
∗σ2 are mutually pointwise proportional. Similarly one proves that
∧2M1− = 0.
Since pg(V ) = pg(W ), π
2
+ is an isomorphism. Notice also that π
i
+(h
∗σ) = σ
for any σ ∈ M i+, and that π2+(h∗σ ∧ τ) = σ ∧ π1+(τ) for σ ∈ M1+ and τ ∈
H0(V0,Ω
1
V0). Therefore h
∗σ ∧ τ = 0 for any σ ∈M1+ and τ ∈ ker π1+ =M1−, as
we wanted. ⋄
We recall the following results:
Proposition 4.2 (Serrano, [Se], section 1) Let V be a smooth surface, let C
be a smooth curve, and let p:V → C be an isotrivial fibration with fibre D.
Then there exist a curve B, a finite group G acting both on B and D, an
isomorphism f :C → B/G, and a birational map r:V → (D×B)/G, where G
acts diagonally on D × B, such that the following diagram commutes:
V
r→ (D ×B)/G
p ↓ ↓ p′′
C
f→ B/G
where p′′ is the map induced by the projection D × B → B. The irregularity
q(V ) is equal to g(C) + g(D/G). In particular, if q(V ) > 0 and g(C) = 0,
then the Albanese image of V is a curve isomorphic to D/G and the Albanese
pencil is given by the composition p′ ◦ r, where p′ is the map induced by the
projection D × B → D.
Proposition 4.3 (Xiao, [Xi], Thm.1) Let p:V → P1 be a fibration with fibres
of genus γ. If p is not isotrivial, then γ ≥ 2q(V )− 1.
The next proposition combines the previous results.
Proposition 4.4 Let V be a smooth surface with a pencil |D| such that the
general curve D of |D| is smooth and irreducible of genus γ > 1; if the Albanese
image of V is a curve, then one (and only one) of the following holds:
i) there exists a birational map r:V → D × P1 such that D is the strict
transform via r of a fibre of the projection D×P1 → P1. In this case γ = q(V );
ii) there exist an hyperelliptic curve B, a free involution i on D, and a
birational map r:V → (D × B)/Z2, where Z2 acts on B as the hyperelliptic
involution, on D via i and diagonally on D × B, such that D is the strict
transform via r of a fibre of the projection (D×B)/Z2 → B/Z2 = P1. In this
case γ = 2q(V )− 1.
iii) γ > 2q(V )− 1.
In particular, if p is not isotrivial, then iii) holds.
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Proof: Since the statement is essentially birational, up to blowing up the base
locus of |D|, we may assume that D defines a morphism p:V → P1. Denote
by α:V → C the Albanese pencil. If p is not isotrivial, then γ ≥ 2q(V ) − 1
holds by proposition 4.3. If γ = 2q(V )− 1 , then by the Hurwitz formula the
restriction of α to a smooth curve D is an e´tale cover of C, whose degree is 2.
Thus p is isotrivial, contradicting the previous assumption.
Assume now that p is isotrivial. By proposition 4.2, there is a commutative
diagram:
V
r→ (D × B)/G
p ↓ ↓ p′′
P1
f→ B/G
where B is a curve, G is a finite group acting on B and on D and acting
diagonally onD×B, r is a birational map and f :P1 → B/G is an isomorphism.
Again by proposition 4.2, the Albanese image of V is isomorphic to D/G. So
we have either G = {1}, corresponding to case i), or 2q(V ) − 1 ≤ γ, with
equality if and only if G = Z2 acts freely on D. The latter case corresponds
to case ii). ⋄
5 General properties of generating pairs
In this section we give some useful information on the degree, genus and Ko-
daira dimension of a generating pair.
Notation 5.1 If (h:V → W,L) is a generating pair of degree d and genus g,
we write C for a general curve of |L| and C ′ = h∗C, so that C and C ′ are
smooth curves of genera g and d(g − 1) + 1 respectively, and h restricts to an
unramified cover π:C ′ → C of degree d.
Lemma 5.2 Let (h:V → W,L) be a generating pair of degree d and genus g.
If the Albanese image of V is a curve, then d(g − 1) + 1 > 2q(V )− 1.
Proof: According to proposition 4.4, we distinguish three cases. Setting D =
C ′, γ = d(g − 1) + 1 and keeping the rest of notation of proposition 4.4, we
only need to exclude the occurrence of the first two cases:
i) V is ruled and C ′ is a section: in this case the adjoint system |KV + L′|
is empty, contradicting assumption (GP3) of definition 2.4;
ii) there are two subcases:
ii-a) Assume B = P1. Then V is ruled over C ′/Z2 and C
′ is a bisection of
V meeting each fibre of the map p:V → C ′/Z2 in two distinct points
interchanged by the free Z2 action. By repeatedly blowing down −1
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curves E such that EL′ ≤ 1, one obtains a map f :V → V ′ such that
V ′ is minimal and the map p factors as p′ ◦ f , where p′:V ′ → C ′/Z2.
The curve C ′′ = f(C ′) is smooth and the induced map f :C ′ → C ′′
is an isomorphism. Moreover, the map p′:V ′ → C ′/Z2 is a projective
bundle, i.e. there exists a rank 2 vector bundle M on C ′/Z2 such that
V ′ = ProjC′/Z2(M), and C
′′ meets each fibre of p′ in two distinct points
interchanged by the free Z2 action.
If we denote by H the tautological section of V ′ and by L′′ the line
bundle determined by C ′′ on V ′, then the condition that the projection
map C ′ → C ′/Z2 is unramified of degree 2 is equivalent to L′′ being
numerically equivalent to 2H − deg(M)F , and thus we have L′′2 = 0.
This would imply L′2 ≤ 0, contradicting the fact that L′ is big.
ii-b) Assume that B is not rational. Notice that (C ′ × B)/Z2 is the quotient
of C ′ × B by a free Z2 action. Hence it is smooth. In addition it is
minimal, since it is a free quotient of the minimal surface C ′ × B. This
implies that the birational map r:V → (C ′ ×B)/Z2 is a morphism. Let
C ′′ be a fibre of the morphism (C ′ × B)/Z2 → B/Z2 = P1. Since, by
proposition 4.4, C ′ is the strict transform of C ′′ via r and since C ′′2 = 0,
we have again that L′2 ≤ 0, which is impossible since L′ is big. ⋄
Lemma 5.3 Let (h:V → W,L) be a generating pair of degree d and genus g.
Then d(g − 1) + 1 ≥ 2q(V )− 1, and if equality holds then the Albanese image
of V is a surface.
Proof: Consider a pencil P ⊂ |L| such that the general curve is smooth and
irreducible. Up to blowing up, we may assume that the pull-back of P on V
via h is a base point free pencil. If the corresponding fibration is not isotrivial,
then the claim holds by proposition 4.3. If the fibration is isotrivial, then the
Albanese image of V is a curve according to proposition 4.2, and by lemma
5.2 we have d(g − 1) + 1 > 2q(V )− 1. ⋄
Proposition 5.4 If (h:V → W,L) is a generating pair of degree d, then
q(W ) = 0, and the list of possibilities is as follows:
i) d = 2, q(V ) = g − 1,
ii) d = 3, g ≤ 3, q(V ) = 2(g − 1)
iii) d = 4, g = 2, q(V ) = 3.
If the pair is good, then case i) holds; in case ii), g = 3, and in case iii) the
Albanese image of V is a surface.
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Proof: By Kawamata-Viehweg’s vanishing theorem one has h0(W,KW +L) =
χ(W )+g−1. Analogously, one has h0(V,KV +L′) = χ(V )+d(g−1), and thus
q(V )−q(W ) = (d−1)(g−1) > 0 by condition (GP3) of definition 2.4. Assume
that q(W ) > 0. By proposition 4.1, the Albanese image of V is a curve and
lemma 5.2 implies that d(g−1)+1 > 2q(V )−1 = 2(d−1)(g−1)+2q(W )−1,
but this is impossible, since d, g ≥ 2. So, q(W ) = 0 and, according to lemma
5.3, one has d(g − 1) + 1 ≥ 2q(V ) − 1 = 2(d − 1)(g − 1) − 1. The statement
includes all possible solutions. In cases ii) with g = 3 and iii) we also apply
lemma 5.3.
Assume now that the pair is good. By the above discussion, we have d ≤ 3.
By ([B2], Prop. 4.1 and Rem. 4.2), if ψ:X → S is a good canonical cover of
degree 3, then q(X) ≤ 3. On the other hand, by proposition 2.7, canonical
covers arising from a good generating pair of degree 3 and genus g satisfy
q(X) = 2(g − 1) ≥ 4. ⋄
Proposition 5.5 Let (h:V →W,L) be a generating pair: then κ(V ) = κ(W ).
Proof: Remark first of all that κ(V ) ≥ κ(W ). Hence we may assume κ(W ) ≤
1. Consider the following commutative diagram:
V ′
b→ V
h′ ↓ ↓ h
W ′
f→ W
where f :W ′ →W is a minimal desingularization and h′:V ′ →W ′ is obtained
by taking base change, normalizing and finally solving the singularities of the
surface thus obtained. We notice the following facts:
(i) since V and V ′ are smooth surfaces, b is a sequence of blow-ups and thus
KV ′ = b
∗KV +E, where E is an effective divisor supported on the b-exceptional
locus. In addition, for every m ≥ 1 we have |mKV ′| = b∗|mKV | + mE. (ii)
Since W has only canonical singularities, one has KW ′ = f
∗KW . Therefore we
have b∗KV = b
∗(h∗KW ) = h
′∗KW ′.
Suppose that κ(W ) = −∞, i.e. W is rational by proposition 5.4. Hence
also W ′ is rational, and therefore there is an effective irreducible big divisor
D on W ′ such that DKW ′ < 0. By remark (ii) above, there is an effective
big divisor D′ on V ′ such that D′(b∗KV ) < 0. This, together with remark (i),
shows that κ(V ′) = κ(V ) = −∞.
Assume now that κ(W ) = 0; then there exists a nef and big line bundle
H on W ′ such that HKW ′ = 0. Thus (h
′∗H)(b∗KV ) = (h
′∗H)(h′∗KW ′) = 0,
and thus h′∗H is a nef and big divisor that has zero intersection with the
moving part of any pluricanonical system. Thus it follows that κ(V ′) ≤ 0. If
κ(W ′) = 1, then there exists a fibration f :W ′ → D, whereD is a smooth curve,
such that the general fibre E of f is an elliptic curve. So (h′∗E)(b∗KV ) = 0,
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and thus the maps given by the pluricanonical systems are all composed with
the fibration f ′ = f ◦ h. This shows that κ(V ) ≤ 1. ⋄
According to the previous proposition, we may, and will, speak of the
Kodaira dimension of a generating pair. Generating pairs of degree 2 and
Kodaira dimension 0 are completely described in proposition 8.2.
6 Pairs of degree 2 and Prym varieties
We consider here the case of generating pairs of degree 2. The relevance of this
case is underlined in proposition 5.4, where it is shown that all good generating
pairs have degree 2 and that all generating pairs of degree > 2 have genus ≤ 3.
If C ∈ |L| is a general curve and C ′ = h∗C, then the map h induces an e´tale
double cover π:C ′ → C. If one denotes by J (resp. J ′) the Jacobian of C (resp.
C ′), then the connected component of the kernel of the norm map π∗: J
′ → J
is a (g − 1)–dimensional containing the origin is an abelian variety, on which
the principal polarization of J ′ induces the double of a principal polarization.
This principally polarized abelian variety is called the Prym variety of C ′ → C
and it is denoted by Prym(C ′, C). The connection between generating pairs
and Prym varieties is explained in the following theorem.
Theorem 6.1 Let (h:V → W,L) be a generating pair of degree 2. Let C ∈ |L|
be a general curve. Then there is a natural isomorphism ϕ:Prym(C ′, C)→ A,
where A = Alb(V ) is the Albanese variety of V . In particular Prym(C ′, C)
does not depend on C ∈ |L|.
Proof: Under the present assumption, the singular points ofW form a set of t
ordinary double points, where t satisfies the relation χ(V,OV ) = 2χ(W,OW )−
t/4. Evaluating the Euler characteristic of V and W as in proposition 5.4, one
deduces that t = 4(g + pg(W )) > 0. So, one can choose a ramification point
x0 for h in V . Since W is regular by proposition 5.4, the Albanese map of
W with base point h(x0) is the zero map. The Albanese map of V with base
point x0, denoted by α:V → A, is equivariant with respect to the involution
induced by h and the multiplication by −1 on A. In particular, the restriction
α|C′:C ′ → A is also equivariant.
Now we use the universal property of Prym varieties (cf. [BL1], page
382). Let β:C ′ → Prym(C ′, C) be the Abel–Prym map with respect to a
point c′ ∈ C ′ and let τ :A → A be the translation by α(c′). Then there is
a unique homomorphism ϕ:Prym(C ′, C) → A, independent of c′ ∈ C ′, such
that α|C′ = τ ◦ ϕ ◦ β.
Denote by J ′ the Jacobian of C ′. Let j:C ′ → J ′ be the Abel map with base
point c′ and γ: J ′ → Prym(C ′, C) the map such that β = γ ◦ j. Let i∗: J ′ → A
16
be the homomorphism induced by the inclusion i:C ′ → V and the choice of
c′ ∈ C ′. Notice that, up to a translation, we have α|C′ = i∗ ◦ j. Then it is clear
that i∗ factors, up to a translation, as ϕ ◦ γ. The differential of i∗ at the origin
of J ′ is dual to the map H1(V,OV ) → H1(C ′,OC′), which is injective since
H1(V,OV (−L′)) = 0 because L′ is big and nef. So i∗ is surjective and ϕ is an
isogeny since A and Prym(C ′, C) both have dimension g−1 by proposition 5.4.
To show that ϕ is an isomorphism, it is enough to prove that i∗ has connected
fibres. In turn, this follows if we show that the map H1(C
′,Z) → H1(V,Z)
induced by the inclusion i:C ′ → V is surjective. The system |L′| has no fixed
part by assumption, so by theorem 6.2 of [Za] there exists an integer k such
that |kL| gives a morphism g : V → PN ; the image of g is a surface, since L′
is big. So there exists an hyperplane H in PN such that g−1H = C ′ as sets.
By Theorem 1.1, page 150, of [GM], the map π1(C)→ π1(V ) is surjective, and
thus H1(C
′,Z)→ H1(V,Z) is surjective too. ⋄
Corollary 6.2 Let (h:V →W,L) be a generating pair of degree 2 and genus g;
then the Albanese image of V is a surface. In particular, the Kodaira dimension
of the pair is non–negative.
Proof: Assume that the Albanese image of V is a curve Γ. Then Γ has genus
g−1. On the other hand, by theorem 6.1, the Albanese image of V contains the
Abel–Prym image of C ′, which is isomorphic to C ′ (cf. [BL1], prop. 12.5.2),
since C ′ is not hyperelliptic. This is a contradiction and thus the claim is
proven. ⋄
Corollary 6.3 Let (h:V → W,L) be a generating pair of degree 2; then
(h:V → W,L) is obtained from a minimal pair by a sequence of simple blow-
ups of weight 0 or 1.
Proof: Denote by i:V → V the involution induced by h and let E be a −1
curve of V . We claim that either L′E = 0 or L′E = 1. Let ǫ:V → V0 be the
blow–down of E, let C ′ ∈ |L′| be smooth and let C0 = ǫ(C ′); notice that C0 is
singular if and only if L′E > 1. Let α:V → A be the Albanese map of V ; A is
also the Albanese variety of V0 and, if we denote by α0:V0 → A the Albanese
map of V0, one has α = α0 ◦ ǫ. Thus α(C ′) = α0(C0); by theorem 6.1, α(C ′)
is isomorphic to C ′, since C ′ is not hyperelliptic, and thus C0 is smooth and
L′E ≤ 1. Let E ′ be the image of E via i; E ′ is also a −1–curve and thus, since
κ(V ) ≥ 0 by corollary 6.2, either E = E ′ or E and E ′ are disjoint. If E = E ′,
then E contains precisely 2 fixed points of i, but this contradicts the fact that
E2 is odd. So E 6= E ′ and F = h(E) = h(E ′) is a −1 curve contained in the
smooth part of W . Let V ′ be the surface obtained by blowing down E and E ′,
let W ′ be the surface obtained by blowing down F and let h′:V ′ → W ′ be the
double cover induced by h; if one denotes by M the direct image of L, then it
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is easy to check that (h′:V ′ → W ′,M) is also a generating pair. By iterating
this process finitely many times, one eventually obtains a generating pair with
V minimal. Thus KV = h
∗KW is nef, and it follows that KW is also nef and
W is minimal, too. ⋄
Corollary 6.4 Let (h:V → W,L) be a generating pair of genus g and degree
2. Then:
(i) pg(V ) = pg(W ) ≥ g − 2 > 0;
(ii) if the Kodaira dimension of the pair is 2, then pg(V ) = pg(W ) ≥
max{g − 1, 2g − 6}; if pg(V ) = 2g − 6 then V is birational to the product of a
curve of genus 2 and a curve of genus g − 3.
Proof: By corollary 6.2, g− 1 = q(V ) > 1. Thus we have χ(V ) ≥ 0, pg(W ) =
pg(V ) ≥ q(V )− 1 = g − 2 > 0. The case of Kodaira dimension 2 follows from
the theorem at pg. 345 of [B4]. ⋄
Corollary 6.5 Let (h:V →W,L) be a generating pair of genus g and degree 2.
If |C ′| ⊂ |L′| is a pencil containing a smooth curve, then |C ′| is not isotrivial.
Proof: Follows from corollary 6.2 and proposition 4.2. ⋄
If we denote by Rg the moduli space of e´tale double covers of curves of
genus g and by Ag−1 the moduli space of principally polarized abelian varieties
of dimension g − 1, then the Prym map Pg:Rg → Ag−1 associates to every
isomorphism class of e´tale double covers the corresponding Prym variety. The
geometry of Prym varieties has been extensively studied by many authors. We
are going to use some of these results in order to give a bound on the genus of
good generating pairs.
Proposition 6.6 Let (h:V → W,L) be a generating pair of genus g and degree
2. Let C ∈ |L| be general and let C ′ = h∗C. Then the fibre of the Prym map
Pg:Rg → Ag−1 at the point of Rg corresponding to the double cover C ′ → C
has positive dimension.
Proof: Follows from theorem 6.1 and corollary 6.5. ⋄
It is known that the Prym map is generically finite for g ≥ 6 (cf. the
survey [B5] and the references quoted therein). However there exist positive
dimensional fibres of Pg for any value of g. In order to state Naranjo’s theorem
6.7 that characterizes the positive dimensional fibres of Pg for high values of
g, we recall that a curve C is called bi-elliptic if and only if it admits a double
cover C → E onto an elliptic curve E.
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Theorem 6.7 (Naranjo, see [Na2], page 224 and [Na1], theorem (10.10)) Let
C ′ → C be an unramified double cover of a genus g curve C.
(i) If g ≥ 13, then the fibre of Pg at the point of Rg corresponding to
C ′ → C is positive dimensional if and only if C is either hyperelliptic or is bi-
elliptic. In addition, in the latter case, if C → E is a double cover of an elliptic
curve, then the Galois group of the composition C ′ → C → E is G = Z2 × Z2
and each quotient of C ′ under an element of G has genus strictly greater than
1.
(ii) If g ≥ 10, the fibre of Pg at the point of Rg corresponding to C ′ →
C is positive dimensional and C is bi-elliptic, then the Galois group of the
composition C ′ → C → E is G = Z2 × Z2, and each quotient of C ′ under an
element of G has genus strictly greater than 1.
From the point of view of generating pairs, the hyperelliptic case in Theo-
rem 6.7 corresponds to the case of generating pairs of degree 2 which are not
good, and example 3.5 shows that these exist for arbitrary values of g. On the
other hand, the bielliptic case can be excluded for good generating pairs with
g large, as theorem 6.9 below shows.
We recall some general and elementary properties of bi-elliptic curves and
bi-double covers, i.e. finite covers with Galois group Z2 × Z2 (cf. [Na1], page
50 and ff.; [Pa1]). If C is bi-elliptic, then the double cover C → E with E
elliptic is unique up to automorphisms of E if g ≥ 6. Analogously, a bi-elliptic
curve C is not hyperelliptic if g ≥ 4 and it is not trigonal if g ≥ 6.
If C ′ → C is an e´tale double cover of a bi-elliptic curve C → E, then the
composition C ′ → C → E is a degree 4 cover of E whose Galois group G
contains Z2. Assume that G = Z2 × Z2, denote by σ the element of G such
that C ′/ < σ >= C and by σi (i = 1, 2) the remaining non trivial elements.
For i = 1, 2, set pi:C
′ → Ci = C ′/ < σi > the corresponding projection and
notice that Ci is a smooth curve of genus gi, where g1+g2 = g+1. Then there
exists a cartesian diagram:
C ′
π2→ C2
π1 ↓ ↓ φ2
C1
φ1→ E
(3)
where, for i = 1, 2, φi:Ci → E is a double cover, and the branch loci ∆i of
φi, i = 1, 2, are disjoint. Moreover, σ = σ1 ◦ σ2. The group G also acts on
Prym(C ′, C). We denote by Pi the connected component containing the origin
of the fixed locus of the action of σi on Prym(C
′, C) (i = 1, 2), and we observe
that (P1, P2) is a pair of complementary abelian subvarieties of Prym(C
′, C)
of dimensions g1 − 1 and g2 − 1, respectively.
Lemma 6.8 Let (h:V → W,L) be a good generating pair of genus g ≥ 10.
Then the general curve C ∈ |L| is not bielliptic.
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Proof: By corollary 6.3 we may assume that the pair is minimal. Suppose,
by contradiction, that the general curve C ∈ |L| admits an elliptic involution
C → E, which, as we saw, is unique up to automorphisms of E. Moreover,
by part (ii) of theorem 6.7 and by proposition 6.6, the Galois group G of the
composition C ′ → C → E can be identified with Z2 × Z2. Theorem 6.7 also
ensures that there exists a cartesian diagram as in (3), with Ci of genus gi > 1.
We wish to extend this construction to V .
In order to do this, we prove first that we may choose the involutions
{σ1, σ2} consistently on the curves C ′ = h∗C as C varies in |C|. In other words,
there is a double cover Ψ→ Φ of the open subset Φ of |C| parametrizing smooth
curves, such that its fibre at a general point C ∈ Φ is the pair of involutions
{σ1, σ2} acting on C ′ = h∗C. We want to prove that Ψ is the union of two
irreducible components both mapping birationally to Φ. In order to do this,
we have to prove that there are two sections of Φ → Ψ mapping the general
point C ∈ Φ to σ1, resp. σ2, namely that we can rationally distinguish σ1 from
σ2.
Recall that, by theorem 6.1, Prym(C ′, C) is isomorphic, in a canonical way,
to the Albanese variety A of V . In this isomorphism, the connected component
Pi of the origin of the fixed locus of the action of σi on Prym(C
′, C) maps
to an abelian subvariety Bi of A (i = 1, 2). The pair (B1, B2) of complemen-
tary subvarieties can vary only in a discrete set, and therefore it is constant,
independent of C. This proves our claim about the reducibility of Ψ.
Next we claim that there are involutions τi on V inducing σi on the general
C ′, for i = 1, 2. Indeed, let F be a general pencil inside |C|. If x ∈ V is a
general point, define τi(x) as σi(x), where σi is the involution defined on the
unique curve C ′ in h∗(F) passing through x. Since V is minimal, τi extends
to an automorphism of V . Notice that τi is independent of F , otherwise, as
F varies in a general rational 1–parameter family of pencils, the point τi(x),
x ∈ V general, would describe a rational curve, hence κ(V ) would be negative,
against proposition 6.4.
We denote by Si the quotient surface V/ < τi >, by hi:V → Si the pro-
jection onto the quotient and by Ci the image in Si of a general C
′. The
singularities of S1 and S2, if any, are A1 points and q(Si) = gi−1. By proposi-
tion 4.4, if the curves Ci vary in moduli, then gi ≤ 3, thus g = g1+ g2+1 ≤ 7,
a contradiction. If the curves Ci do not vary in moduli, then the Albanese
image of Si is a curve by proposition 4.2 and the inequality gi ≤ 3 (i = 1, 2)
holds by proposition 4.3, since q(Si) 6= gi. ⋄
Now we are ready to prove the following basic result:
Theorem 6.9 Let (h:V →W,L) be a good generating pair of genus g. Then
g ≤ 12, q(V ) ≤ 11.
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Proof: Suppose, by contradiction, that g ≥ 13. According to proposition 6.6
and to part (i) of theorem 6.7, we can assume that the general C ∈ |L| is
bi-elliptic. This, on the other hand, contradicts lemma 6.8. ⋄
Corollary 6.10 Let (h:V → W,L) be a good generating pair of genus g.
Assume that, in addition, V is of general type. Then K2W ≤ 529.
Proof: Follows by applying the index theorem to L and KW on W . ⋄
A more precise statement is the following:
Proposition 6.11 Let (h:V → W,L) be a good generating pair of genus g.
Then g ≤ 12 and:
(i) if the general curve C in |L| is bi-elliptic or trigonal, then g ≤ 9 and
q(V ) ≤ 8;
(ii) if 10 ≤ g ≤ 12 then either the general curve C in |L| is a smooth
plane sextic (and g = 10) or it is not bi-elliptic and has a base point free
g14.
Proof: The proof follows from theorem 6.9, theorem 6.7, and from the follow-
ing results:
(i) (Green-Lazarsfeld [GL]) Assume g ≥ 10. If the fibre of the Prym map
Pg is positive dimensional at the point of Rg corresponding to a double
cover C ′ → C, then either C has a g14 or it is a smooth plane curve of
degree six (and genus 10).
(ii) (Naranjo [Na2]) Assume g ≥ 10. Then the fibre of Pg over the point of
Rg corresponding to a double cover of a trigonal curve C is finite. ⋄
7 Good generating pairs with h0(W,L) ≥ 3
This section is devoted to the proof of the following:
Theorem 7.1 Let (h:V → W,L) be a good generating pair such that L is
ample and h0(W,L) ≥ 3; then (h:V → W,L) is one of the following:
(i) example 3.1, and in this case h0(W,L) = 4, L2 = 4, g = 3;
(ii) a blow–up of weight 1 of case (i) above, and in this case h0(W,L) = 3,
L2 = 3, g = 3;
(iii) example 3.3, and in this case h0(W,L) = 3, L2 = 3, g = 4.
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Theorem 7.1 will follow from a series of auxiliary results (proposition 7.5 and
theorem 7.10), containing also some additional information on generating pairs.
We also make use of the following result, which is proven in section 8 (it follows
from proposition 8.2 and 8.3).
Proposition 7.2 If (h:V → W ) is a good generating pair with κ(V ) ≤ 1 and
h0(W,L) ≥ 3, then it is obtained from
example 3.1 by a sequence of blow-ups, at most one of which is essential,
of weight 1.
We start by using Reider’s method to give an upper bound for L2 for most
generating pairs.
Proposition 7.3 If (h:V → W,L) is a generating pair of degree 2 and non–
negative Kodaira dimension, then L2 ≤ 4.
Proof: Since L′2 = 2L2, it suffices to show that L′2 ≤ 9. We assume that
L′2 ≥ 10 and we observe that, by the hypothesis, the linear system |KV +L′| is
not birational on V . Indeed, if x ∈ W is a general point and h−1(x) = {x1, x2},
then x1, x2 are identified by |KV + L′|. According to Reider’s Theorem ([Re],
Thm. 1 and Cor. 2), there exists an effective divisor B = Bx passing through
x1 and x2, such that L
′B = 1 or 2 and B2 ≤ 0. Since x is general we must have
B2 = 0 and, by standard arguments, we may assume that B moves in a base
point free pencil and L′D > 0 for each component of a general B . Since the
general curve C ′ of |L′| is irreducible and meets the general curve Bx at the
points x1 and x2, it follows that L
′B = 2. If the general B is reducible, then
B = B1+B2, where B1, B2 are numerically equivalent irreducible curves. Then
L′Bi = 1 and V is covered by rational curves, contradicting the assumption
κ(V ) ≥ 0. So, L′B = 2 and B is irreducible. Furthermore, the general fibre of
h is contained in some curve of the pencil described by Bx, as x varies in W .
This immediately implies that each curve of this pencil is invariant under the
involution ι determined by h. On the other hand |L′| cuts on a general curve
B a g12, which of course induces on B the restriction of ι. This means that
the image of B via h is a rational curve on W , which therefore has a pencil of
rational curves. But this is a contradiction to κ(W ) ≥ 0. ⋄
Lemma 7.4 Let (h:V → W,L) be a generating pair such that h0(W,L) ≥ 3.
Then there are the following possibilities:
(i) h0(W,L) = 3 and 2 ≤ L2 ≤ 4;
(ii) h0(W,L) = 4, L2 = 4 and |L| is base point free.
Proof: If h0(W,L) = r, then the restriction of the system |L| to a general C
is a linear system |D| of dimension r − 2 > 0 and degree L2 ≤ 4, according
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to proposition 7.3. We denote by |M | the moving part of D. If r = 3, then
L2 ≥ degM ≥ 2, since C is not rational, and (i) is proven. If r > 3, then
4 ≥ L2 ≥ degM ≥ 2 dim |M | = 2(r − 2) ≥ 4. Thus L2 = degM = r = 4 and
|L| is base point free. ⋄
Proposition 7.5 Let (h:V → W,L) be a good generating pair such that
h0(W,L) ≥ 3. The possible cases are:
(i) L2 = 4, h0(W,L) = 3 and |L| is base point free. In particular, the
general C ∈ |L| is tetragonal.
(ii) h0(W,L) = 3 and either L2 = 3 or L2 = 4 and |L| has a simple base
point. In particular, the general C ∈ |L| is trigonal;
(iii) L2 = 4, h0(W,L) = 4, and the pair is obtained from Beauville’s
example 3.1 via unessential blow-ups.
Proof: We denote by |D| the restriction of |L| to a general C of |L|. Assume
that we are in case (i) of lemma 7.4: then (i) and (ii) follow by remarking that
the moving part of |D| has degree > 2, since C is not hyperelliptic.
Assume that we are in case (ii) of lemma 7.4. Then Clifford’s theorem
implies that g = 3, |D| is the canonical system and C is embedded by |D| as a
smooth plane quartic. So the linear system |L|maps the surfaceW birationally
onto a quartic Q ⊂ P3. The Kodaira dimension of W is non–negative by
corollary 6.4 and thus it is zero. Claim (iii) now follows by proposition 7.2.
⋄
Proposition 7.6 If (h:V → W,L) is a good generating pair of Kodaira di-
mension 2 such that L2 = 4 and h0(W,L) ≤ 3, then 10 ≤ g ≤ 12.
Proof: Notice first of all that the inequality g ≤ 12 follows from theorem 6.9.
By corollary 6.3 it follows that the pair is obtained from a minimal pair by
unessential blow–ups. Thus we may assume that the pair is minimal. Write
h0(W,L) = 2 + l, so that either l = 0 or l = 1.
Since W is of general type, one has 0 < KWL = 2g − 2 − L2 = 2g − 6,
hence g ≥ 4. For a general C ∈ |L|, consider the exact sequence:
0→ H0(W,KW − L)→ H0(W,KW )→ H0(C,KC − L|C)
and notice that h0(C,KC − L|C) = g − 4 + l, by the regularity of W and by
Riemann–Roch applied to C.
Assume first g ≤ 6. Then by corollary 6.4, we have h0(W,KW − L) ≥
g − 1 − (g − 4 + l) = 3 − l ≥ 2. Notice that h0(W,KW − 2L) = 0, since
(KW − 2L)L = 2g − 14 < 0 and L is nef. Thus |KW − L| cuts out on C a
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linear series of dimension ≥ 1 and of degree 2g − 10 ≤ 2, contradicting the
assumption that C is not hyperelliptic.
Therefore we have g ≥ 7. Corollary 6.4 and the above exact sequence yield:
h0(W,KW − L) ≥ 2g − 6− (g − 4 + l) = g − 2− l. Let h0(W,KW − 2L) = r.
Then |KW −L| cuts out on C a special linear series of dimension g− 3− r− l
and degree 2g − 10. By Clifford’s theorem and by the fact that C is not
hyperelliptic, we have g − 3− r− l < g − 5, namely r + l ≥ 3. Thus we either
have l = 0, r ≥ 3 or l = 1, r ≥ 2. If g ≤ 8, then L(KW − 3L) = 2g − 18 < 0,
and thus h0(W,KW − 3L) = 0 and |KW − 2L| cuts out on C a special linear
series of dimension at least r− 1 ≥ 1 and of degree 2g− 14 ≤ 2, contradicting
again the assumption that C is not hyperelliptic.
If g = 9, then L(K − 3L) = 0 and thus h0(W,KW − 3L) ≤ 1, since L is
nef and big. Assume that h0(W,KW − 3L) = 1; then we have K2W − 36 =
KW (KW − 3L) ≥ 0, since W is of general type. On the other hand, the index
theorem gives K2W ≤ 36. It follows that K2W = 36 and K ∼num 3L. Therefore
KW = 3L, since KW − 3L is effective. So r = h0(W,KW − 2L) = h0(W,L) =
2 + l, and for l = 0 this contradicts the above inequality r + l ≥ 3. If l = 1,
consider the exact sequence:
0→ (k − 1)L→ kL→ kL|C → 0. (4)
By Clifford’s theorem we have h0(C, 2L|C) ≤ 4. So, for k = 2, the sequence
(4) implies h0(W, 2L) ≤ 7. Using this and sequence (4) for k = 3, one gets
pg(W ) = h
0(W, 3L) ≤ 13, and thus χ(V ) = 2 + pg(W ) − g ≤ 6. On the
other hand, Miyaoka–Yau’s inequality would give 72 = K2V ≤ 9χ(V ) = 54, a
contradiction.
So we are left with the case h0(W,KW − 3L) = 0. If l = 0, then r ≥ 3 and
the restriction of |KW − 2L| to C is a g24, contradicting again the fact that C
is non-hyperelliptic of genus 9. Thus the case g = 9 and l = 0 does not occur.
If l = 1, then we have r = 2, since for r > 2 we can argue as above and
show that |KW − 2L| restricts to a g24 on C. So we have h0(W,KW − L) ≤
2 + h0(C, (KW − L)|C) ≤ 2 + 4 = 6, where the last inequality follows again
by Clifford’s theorem. In turn, pg(W ) ≤ 6 + h0(C,KW |C) = 12. On the
other hand, by proposition 6.4, one has pg(W ) ≥ 12, with equality holding
iff V = C1 × C2, with C1 a curve of genus 2 and C2 a curve of genus 6.
Thus pg(W ) = 12 and the restriction map H
0(W,KW ) → H0(C,KW |C) is
surjective. Since the canonical map of V factors through the map h:V → W
and q(W ) = 0, the curve C2 is hyperelliptic, and the canonical map of V has
degree 4. The canonical image Σ of V (and of W ) is P1 × P1 embedded via
the system |OP1×P1(1, 5)|. The curves of |L| are mapped 2–to–1 onto curves
D of Σ with D2 = 2. So the curves D are of type (1, 1), and thus rational. It
follows that the general curve of |L| is hyperelliptic, contradicting again the
assumption that the pair be good. ⋄
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Corollary 7.7 If (h : V → W,L) is a good generating pair such that L2 = 4
and h0(W,L) = 3, then 10 ≤ g ≤ 12.
Proof: Proposition 7.2 implies that the Kodaira dimension of the pair is 2.
The thesis follows from proposition 7.6. ⋄
The next result shows that case (i) of proposition 7.5 does not occur for L
ample.
Proposition 7.8 Let (h:V →W,L) be a good generating pair with h0(W,L) =
3, L2 = 4 and L ample; then |L| has one simple base point.
Proof: First of all we remark that the assumption that L is ample, corollary
6.3 and proposition 7.3 imply that the pair is minimal. By lemma 7.5 we only
have to exclude that |L| is base point free. So we assume that |L| has no base
points and we show that this leads to a contradiction. As usual we denote by
C a general curve of |L| and by C ′ the inverse image of C via h; we denote by
φ:W → P2 the finite degree 4 morphism given by |L|. Notice that φ is flat,
since it is a projective morphism with finite fibres from a normal surface to a
smooth one. Our proof requires various steps.
Step 1: the polarized Abelian variety Prym(C ′, C) is not a Jacobian or a
product of Jacobians. By theorem (4.10) of [B1] and the assumption that C is
not hyperelliptic, if Prym(C ′, C) is a Jacobian then one of the following holds:
(i) C is trigonal, (ii) C is bielliptic, (iii) g ≤ 6. Case (iii) is impossible by
corollary 7.6. Since C has a free g14, case (i) implies g ≤ 6, and therefore it is
also excluded. Finally case (ii) is excluded by lemma 6.8.
Step 2: The curves of |L′| are 2-connected. Notice first of all that the curves
of |L′| are 1-connected since |L′| is ample. Assume that D ∈ |L′| is not 2-
connected, namely that D = A + B with A, B effective and AB = 1. Then
1 ≤ L′A = A2+AB = A2+1 and 1 ≤ L′B = B2+1, hence A2 ≥ 0, B2 ≥ 0. If,
say, A2 = 0, then L′A = 1 and A is irreducible, since L′ is ample, and rational,
since |L| is base point free. This contradicts κ(V ) = 2, hence A2 and B2 are
both positive. Since 8 = L′2 = A2+B2 + 2, we have A2 +B2 = 6 whereas the
index theorem gives A2B2 ≤ (AB)2 = 1.
Step 3: The branch divisor Z of φ in P2 is not a union of lines. Here we need
to consider the intersection number of Weil divisors on W . We recall that,
since the singularities of W are A1 points, given Weil divisors A, B on W , the
intersection number AB is an element of 1
2
Z, and it is an integer whenever
A or B is Cartier. Assume that Z is a union of lines and let R be a line
contained in Z. Then C0 = φ
∗(R) ∈ |L| is of the form C0 = mA + B, with
2 ≤ m ≤ 4 and with A, B effective, non-zero Weil divisors such that A is
irreducible and not contained in B. We set C ′0 = h
∗C0, A
′ = h∗A, B′ = h∗B,
so that C ′0 = mA
′ +B′.
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Notice that 4 = L2 = mLA + LB ≥ 2LA yields 1 ≤ LA ≤ 2. Assume first
LA = 2. Then one has B = 0, m = 2, and thus C ′0 = 2A
′. Recall that by
proposition 6.1 the abelian variety Prym(C ′, C) is naturally isomorphic to the
Albanese variety of V and denote by α:V → Prym(C ′, C) the Albanese map.
If Ξ is the principal polarization of Prym(C ′, C), then by Welters criterion
α∗C
′ is homologically equivalent to 2
(g−2)!
∧g−2Ξ for every C ′ ∈ |L|. Thus α∗A′
is homologically equivalent to 1
(g−2)!
∧g−2 Ξ, and it follows that A′ is smooth
and Prym(C ′, C) is isomorphic to the Jacobian of A′. This is impossible by
step 1, and therefore LA = 1. The condition LA = 1 implies that m ≤ 3,
B is nonempty and A is smooth and irreducible. Assume that m = 3, and
let R1 ⊂ Z be another line; write φ∗R1 = m1A1 + B1, with 2 ≤ m1 ≤ 3, A1
irreducible and not contained in B1. The equality 1 = A1L = 3A1A + A1B
gives AA1 = 0, A1B = 1, and thus 1 = BL = mBA1 + BB1 ≥ m ≥ 2, a
contradiction. Thus, for every line R ⊂ Z, we have φ∗R = 2A + B, with A
irreducible and not contained in B. In particular, Z is reduced. Notice also
that AB > 0, since the curves of |L′| are 2–connected by step 2, and thus A and
B have nonempty intersection. Let x0 ∈ A∩B, let y0 = φ(x0), and let C be the
pull–back of a general line through y0; then C(2A+B) = L(2A+B) = 4 and
x0 accounts at least for 3 intersections. Thus φ
−1(y0) either consists of x0 only,
or contains also a point x′0 that is not a branch point of φ; in either case x0 is
not a simple ramification point of φ and therefore Z is not smooth at x0. Thus
there is another line R1 ⊂ Z that contains x0. Write φ∗R1 = C1 = 2A1 + B1.
From 1 = AL = 2AA1 + AB1 we see that either AA1 =
1
2
and AB1 = 0 or
AA1 = 0 and AB1 = 1. On the other hand, A1 contains x0 and thus we have
A1B > 0 and A1A > 0. Thus we have a contradiction, and Z is not a union
of lines.
We can now consider an irreducible component Z ′ of Z that is not a line
and a general tangent line R to Z ′. The curve C0 = φ
∗(R) is reduced, but
singular at some point x. It moves in a base point free continuous system on
W . Set h−1(x) = {x1, x2} and let C ′0 = h∗C0. Notice that the map h:C ′0 → C0
is e´tale. Moreover C ′0 is singular at x1 and x2, and we can apply theorem (3.2)
from [ML]. Then we have C ′0 = A
′ + B′ with A′, B′ reduced and with no
common component, since C ′0 is reduced as well as C0, and A
′B′ = 2. Actually
A′ ∩B′ = {x1, x2}, which proves that A′ and B′ are smooth at x1 and x2.
Step 4: One has A′2 = B′2 = 2 hence 2A′ and 2B′ are numerically equivalent
to L′. Since A′ and B′ move without fixed components on V , we have A′2 ≥ 0
and B′2 ≥ 0. Furthermore we have A′2 + B′2 = 4 and L′A′ = A′2 + 2 and
L′B′ = B′2+2. Suppose A′2 = 0, hence L′A′ = A′B′ = 2. We claim that in this
case A′ is irreducible: in fact, if A′ = A1+A2, then A
2
1, A
2
2 ≥ 0, since A1 and A2
move, and thus A21 = A
2
2 = 0 and A1 ∼num A2, A1B′ = A2B′ = 1, contradicting
the fact that the curves of |L′| are 2–connected. Thus the general curve A′
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is irreducible and moves in an irrational pencil A′ on V . The involution ι
determined by h:V → W fixes C ′0, hence it maps A′ to an irreducible curve
A′′. If A′ = A′′, then there exists A ⊂ C0 on W such that A′ = h∗A, A2 = 0,
LA = 1. Thus A is smooth rational and, since A′ is general, W is covered
by rational curves, contradicting κ(W ) ≥ 0. So A′′ is contained in B′. The
curve A′′ also moves in an irrational pencil A′′, and A′A′′ ≥ 2, since A′ and
A′′ both contain x1 and x2. Write B = A
′′ + D, C ′0 = A
′ + A′′ + D; since
C ′0A
′ = L′A′ = 2, we get A′A′′ = 2 and DA′ = 0. Since D also moves on V
without fixed components, it consists of curves of A′, hence D2 = 0. Since
L′ is fixed by ι, we have L′A′′ = L′A′ = 2, A′′2 = A′2 = 0, and therefore:
2 = A′′L′ = A′′(A′ + A′′ + D) = 2 + A′′D, A′′D = 0. Thus D and A′′ are
numerically equivalent, but this contradicts A′A′′ = 2.
Suppose that A′2 = 1. By proposition (0.18) of [CCML] we deduce that A′
is smooth irreducible and V is isomorphic to the symmetric product of A′. The
canonical maps of symmetric products are well known. Thus, the fact that the
canonical map of V is not birational, since it factors through h, tells us that
either 3 ≥ pa(A′) = q(V ) = g−1 or A′ is hyperelliptic of genus pa(A′) ≥ 4. The
former case is impossible by corollary 7.7. The latter case is also impossible
because |L′| cuts out on A′ a base point free g13. Hence we are left with the
only possibility A′2 ≥ 2 and, similarly, B′2 ≥ 2, which implies the assertion.
Step 5: the divisors A′ and B′ are exchanged by ι. The divisor ι(A′) = A′′ is
contained in C ′0 and is numerically equivalent to A
′, since 2A′ and 2A′′ are both
numerically equivalent to L′. If A′ = A′′, then there exists A on W such that
h∗A = A′, A2 = 1. We apply proposition (0.18) of [CCML] to the pull-back of
A to the minimal desingularization W˜ of W and deduce that W˜ is birational
to the symmetric product of A, contradicting q(W ) = 0. If A′ is irreducible,
this is enough to prove that A′′ = B′. So assume that A′ is reducible and
write A′ = N +M , with N,M effective nonzero. Then 2 = A′2 = A′N +A′M ,
hence A′N = A′M = 1 since A, as well as L′, is ample. This proves that N,M
are both irreducible. Since they move on V , we have N2 ≥ 0 and M2 ≥ 0
and the index theorem yields N2 = M2 = 0, NM = 1 and N and M both
describe base point free pencils on V . Since A′ 6= A′′, B′ and A′′ have at least a
common component. Thus we may write B′ =M ′+N ′, where M ′ is equal to,
say, ι(M). We have M ′B′ =MA = 1, M ′2 =M2 = 0, hence B′N ′ = 1 and N ′
is irreducible by the ampleness of B′. If ι(N) = N ′, then the claim is proven.
So assume ι(N) 6= N ′. Then we have ι(N) = N and there exists N0 ⊂W such
that h∗N0 = N . It follows that LN0 = 1, and thus N0 is a rational curve. This
is simpossible, since otherwise W would be covered by rational curves. Thus
ι(N) = N ′ and ι exchanges A′ and B′.
Step 6: conclusion of the proof. We use the notation introduced in step 1. By
step 5, if the base point of the Albanese map α:V → Prym(C ′, C) is invariant
for i, then α∗B
′ = (−1)∗α∗A′, since α is equivariant with respect to ι on V and
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multiplication by −1 on Prym(C ′, C). Thus α∗(C ′0) = α∗(A′) + α∗(B′) and
2α∗A
′ represent the same cohomology class. By Welters criterion, this implies
that α∗A
′ is equivalent in cohomology to 1
(g−2)!
∧g−2 Ξ. By the criterion of
Matsusaka–Ran, Prym(C ′C) is isomorphic as a principally polarized abelian
variety either to a Jacobian or to a product of Jacobians. This contradicts
step 1, and the proof is complete. ⋄
Remark 7.9 The same ideas we exploited in the proof of the previous propo-
sition would also yield the following result: in case (ii) of proposition 7.5,
the generating pair is either the pair of the example 3.3 or it is obtained from
Beauville’s example 3.1, with a blow-up procedure. We will next prove the same
theorem with a different technique, which also seems illuminating to us. Hence
we give here only an idea of its proof with the present methods.
Assume for simplicity L2 = 3. Then one considers the finite, degree 3 map
φ:W → P2 determined by |L|. First one shows that no line is in the branch
divisor of φ. Then one proves the existence of a 1-dimensional family of reduced
curves C ′0 ∈ |L| which split as C0 = A + B, with AB = 2. This implies that
A2 = B2 = 1. At this point one uses proposition (0.18) from [CCML] and
proves that V is birational to the symmetric product of A = B. The fact that
the canonical map of V is not birational tells us that either g ≤ 3, which leads
to the two cases which actually occur, or A is hyperelliptic of genus g ≥ 4.
But this not possible because, via h, A is birational to the image C0 of C
′
0,
and C0 has a base point free g
1
3.
The rest of this section is devoted to the analysis of case (ii) of proposition
7.5 under the hypothesis that L be ample. We prove the following result:
Theorem 7.10 Let (h:V → W,L) be a good generating pair of genus g such
that L is ample and h0(W,L) = 3. Then L2 = 3 and:
(i) either there exists a smooth plane quartic Γ such that (h:V → W,L) is
constructed from Γ as explained in example 3.3;
(ii) or (h:V →W,L) is obtained from Beauville’s example 3.1 via a simple
blow-up of weight 1.
By propositions 7.5 and 7.8, a pair satisfying the assumption of theorem 7.10
either has L2 = 3 and |L| is base point free or has L2 = 4 and |L| has a
simple base point. So, up to a simple blow up of the pair, we may assume that
L2 = 3 and |L| is base point free. Thus for the rest of the section we make the
following assumption:
Assumption 7.11 (h:V → W,L) is a good generating pair of genus g such
that L is ample, h0(W,L) = 3, L2 = 3 and |L| is base point free.
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If assumption 7.11 holds, then |L| defines a finite morphism f :W → P2 of
degree 3. The restriction of f to the general curve C ∈ |L| exhibits C as
a triple cover of P1 showing that C is trigonal. Given a curve C of genus
g, a degree 3 map f :C → P1, and an unramified double cover π:C ′ → C,
the trigonal construction ([Rec], cf. [B3]) yields a degree 4 map φ:D → P1,
where D is a smooth curve of genus g− 1 and φ has no double fibre, such that
the Jacobian of D and Prym(C ′, C) are isomorphic as principally polarized
abelian varieties. We briefly recall the trigonal construction. One considers
the induced morphism π(3):C ′(3) → C(3) between the symmetric products of
C ′ and C. The curve D˜ = π(3)
−1
(g13) has a natural morphism D˜ → P1; it
turns out that D˜ → P1 splits as the disjoint union of two isomorphic smooth
connected degree 4 covers φi:Di → P1, i = 1, 2, and one can set D = D1,
φ = φ1.
The trigonal construction is a one–to–one correspondence, whose inverse is
the Recillas’ construction ([Rec], cf. [BL1] page 391). Given a smooth genus
g−1 curve D with a degree 4 morphism ϕ:D → P1 without double fibres, one
defines a curve C ′ ⊂ D(2) by setting:
C ′ = {p1 + p2 ∈ D(2)|p1 + p2 + p3 + p4 is a fibre of ϕ for some p1, p3 ∈ D}.
The curve C ′ is smooth and connected of genus 2g − 1, and has a natural
free involution σ, which maps an element p1 + p2 (in a fibre of ϕ) to the
complementary element p3 + p4. If π:C
′ → C = C ′/ < σ > denotes the
natural projection, it is easy to check that C is trigonal.
Recillas’ correspondence has been generalized in [Ca2], where the author
introduces the discriminant of a degree 4 Gorenstein cover ϕ:Z → Y , which
is a degree 3 morphism f : ∆(Z)→ Y . We recall that a cover ϕ:Z → Y is said
to be a Gorenstein cover if the scheme theoretic fibre ϕ−1(y) is Gorenstein over
k(y) for every y ∈ Y (cf. [Ca1]). If Y = P2, then the discriminant construction
gives a one–to–one correspondence between the following objects:
(A) normal Gorenstein covers f :W → P2 of degree 3 such that the sin-
gularities of W are at most RDP’s and such that there exists a double cover
h:V → W branched exactly over the singularities of W ;
(B) degree 4 Gorenstein covers ϕ:Z → P2 with Z smooth such that:
(i) for every y ∈ P2 the Zariski tangent space to the fibre ϕ−1(y) has di-
mension ≤ 1 at each point.
(ii) the set R0 ⊂ P2 of points y such that the fibre ϕ−1(y) is isomorphic
either to specC[t]/(t4) or to specC[t, s]/(t2 + 1, s2) is finite.
The properties of this correspondence ensure that the branch loci of the as-
sociated covers ϕ and f = ∆(ϕ) coincide as divisor of P2. Moreover, the
singularities of W occur precisely over the points y ∈ R0. Notice that, in the
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case we are interested in, the singular locus of W is not empty (see the proof
of theorem 6.1), and therefore R0 is not empty. Finally, fibrewise, Zy is the
base locus of a pencil of conics whose discriminant is Wy.
Assumption 7.11 allows us to apply the trigonal contruction to the present
case. Thus, given a good generating pair (h:V → W,L) as in 7.11, there
exists a unique degree 4 Gorenstein cover ϕ:Z → P2 as in (B) such that the
morphism f :W → P2 associated to the system |L| is obtained from ϕ via
the trigonal construction. We denote by |M | the pull-back to Z of the linear
system of lines in P2.
Lemma 7.12 The smooth elements of |M | are isomorphic curves of genus
g − 1 ≥ 2.
Proof: Let H be a general line in P2, let D = ϕ−1H , let C = f−1H and let
C ′ → C be the unramified cover determined by h. By theorem 6.1, the Prym
variety P = Prym(C ′, C) is independent of H . On the other hand, C ′ → C is
obtained from D via the trigonal construction, and thus P and the Jacobian
of D are isomorphic as p.p.a.v.’s. In particular, since the genus of |L| is at
least 3, the genus of |M | is at least 2. By the global Torelli theorem for curves,
the isomorphism class of D is also independent of H . This implies that the
natural map from the open set of smooth curves of |M | to the moduli space
of curves is constant. ⋄
Lemma 7.13 Let y ∈ P2 and let |My| ⊂ |M | be the pull-back on Z of the
pencil of lines through y. Then the general curve of |My| is smooth.
Proof: The base scheme of |My| is ϕ−1(y). The statement follows by Bertini’s
theorem since ϕ:Z → P2 satisfies condition (i) of (B). ⋄
Lemma 7.14 Z is a minimal geometrically ruled surface, and the smooth
elements of |M | are sections of the ruling.
Proof: Denote by R ⊂ Z and by B ⊂ P2 the ramification divisor and the
branch divisor of ϕ. By condition (B), the ramification order of ϕ along each
component of R is ≤ 3, each component of R is mapped birationally onto its
image and different components of R are mapped to different components of
B. Let (Mt)t∈P1 be a general pencil contained in |M | and assume that M0 is
singular. By applying stable reduction, one can replace M0 by a stable curve
M ′0. Lemma 7.12 implies that M
′
0 is isomorphic to Mt, for t general.
Assume that there exists a component Θ of R such that ∆ = ϕ(Θ) is not
a line. If ϕ is ramified of order 3 along Θ, then the inverse image M0 of a
generic line tangent to ∆ has an ordinary cusp over the tangency point and
it is smooth elsewhere. It follows that M0 is irreducible. Since pa(M) > 1,
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M0 is not rational; the special fibre of the stable reduction of a general pencil
containing M0 is the union of the normalization M
′′
0 of M0 and of a smooth
elliptic curve meeting M ′0 at one point, but this is impossible by the remark
above. If ϕ is simply ramified along Θ, take (Mt) to be the pull-back of a
pencil of lines such that M0 is the pull-back of a line simply tangent to ∆ at
a point y0 and meeting B transversely elsewhere. Then M0 has an ordinary
node at a point x0 such that ϕ(x0) = y0 and no other singularities. By the
remarks above, the curveM0 is not semistable; therefore we haveM0 =M
′
0+F ,
where F is a smooth rational curve, M ′0 is isomorphic to Mt for t general, and
M ′0F = 1. We have: 4 = M
2 = Mt(M
′
0 + F ), MtM
′
0 ≥ 3 (since M ′0 is not
hyperelliptic), and thus MtM
′
0 = 3 and F
2 = 0. Noticing that y0 is a general
point of ∆, it follows that Z is ruled. Since the system |M | is ample, MF = 1
and, by lemma 7.12, the curves of |M | are not rational, Z is geometrically
ruled and minimal.
So we have proven that either Z is as claimed or all the components of
B are lines. Let ∆ ⊂ B be a line; by condition (B), it is not possible that
f ∗∆ = 2A. Thus ϕ∗∆ = mA + B, with m ≤ 3, A irreducible, B nonempty
and A not contained in B. Then one can argue as in step 3 of the proof of
proposition 7.6 and prove that B is not a union of lines. ⋄
Proposition 7.15 Let B be the base curve of the ruled surface Z of lemma
7.14 and let p:Z → B be the projection. Then there exists a birational mor-
phism s:B → Γ ⊂ P2 such that:
i) Γ is either a smooth quartic or a quartic with a double point;
ii) Z = P(s∗TP2(−1)), and p∗OZ(M) = s∗TP2(−1).
Proof: According to lemma 7.14 there exists a rank 2 bundle E on B such
that Z = P(E) and p∗OZ(M) = E (in particular, deg(detE) = 4). Let D be
a smooth curve in |M |, which we may identify with B via the map p|D. Then
M |D is identified with detE. By condition (B), (ii), if D is general, then ϕ|D
has no multiple fibre, while if ϕ(D) contains a point of R0 (which, as we know,
is not empty) then ϕ|D has at least one multiple fibre. So the restriction of
|M | to D is not a complete system, i.e. h0(B, detE) = 3. Let s:B → P2 be
the morphism given by the linear system | detE| and let Γ = s(B). If Γ were
a conic, then the map ϕ|D would have two multiple fibres for every smooth D
of |M |, contradicting condition (B). So Γ is a quartic and s is birational. Since
B has genus g − 1 ≥ 2, it follows that Γ is either smooth or it has one double
point and detE = s∗OΓ(KΓ).
Let U ⊂ H0(Z,M) be the subspace such that P(U) = ϕ∗|OP2(1)|. If
we identify U with a subspace of H0(B,E), then the natural sheaf map U ⊗
OZ → E is surjective (|M | is base-point free). Moreover, the map ∧2U →
H0(B, s∗KΓ) is an isomorphism (this follows from the discussion above, since
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we have shown that |M | does not restrict to the same g14 on all the curves of
|M |).
If we choose a basis for U , then we have a short exact sequence:
0→ OB(−s∗KΓ)→ O3B → E → 0. (5)
Let the inclusion OB(−s∗KΓ) → O3B be given by (s0, s1, s2), where si ∈
H0(Γ, KΓ), i = 0, 1, 2, and let S be the subspace of H
0(Γ, KΓ) spanned by
s0, s1, s2. Notice that dimS ≥ 2, since E is torsion free. If dimS = 2, then
it is clear that E = OB ⊕ OB(s∗KΓ) and condition ii) above is not satisfied.
Thus s0, s1, s2 are independent and sequence (5) is the pull-back via the map
s of the twisted Euler sequence:
0→ OP2(−1)→ O3P2 → TP2(−1)→ 0. ⋄
Now we are ready to finish the proof of theorem 7.10:
Proposition 7.16 Notation as in proposition 7.15. The surface Z is the nor-
malization of the incidence surface Y = {(p, l) ∈ Γ × (P2)∗|p ∈ l}, and the
maps p:Z → B and ϕ:Z → P2 are induced by the projections of Y onto Γ and
(P2)∗ respectively.
Let f :W → P2 be the triple cover obtained from ϕ:Z → P2 via the dis-
criminant contruction, h:V → W the corresponding double cover and L =
f ∗OP2(1). Then:
(i) if Γ is smooth, then V = Sym2(Γ), and (h:V → W,L) is as in example
3.3;
(ii) if Γ has a double point, write p+q for the only effective divisor linearly
equivalent to s∗KΓ ⊗K∗B. Then:
(a) V is the blow-up of Sym2(B) at p + q, namely it is the blow-up of
the Jacobian J = J(B) = Pic2(B) of B at the points corresponding
to KB and p+ q;
(b) W is obtained as the quotient of V by the involution which is induced
on V by the birational involution on Sym2(B) which associates to
the general divisor x+ y the divisor |s∗KΓ − x− y|. Notice that W
is the blow-up of the Kummer surface Kum(J) at a smooth point;
(c) the generating pair (h:V → W,L) is obtained from example 3.1 by
a simple blow-up of weight 1.
Proof: We keep the notation of the proof of proposition 7.15. Assume first Γ
is smooth. Then the first assertion immediately follows by the well known fact
that P(TP2(−1)) is the incidence correspondence inside P2 × (P2)∗. Having
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in mind Recillas’ construction described at the beginning of this section, also
part i) immediately follows. The case Γ singular is completely analogous and
can be dealt with in the same way. We leave the details to the reader. ⋄
8 The other cases
In this section we collect some information on pairs that are not good or not
of Kodaira dimension 2. We start by classifying non good degree 2 pairs with
L2 = 4. (We recall that by propositions 5.5 and 7.3 such a pair always has
L2 ≤ 4.)
Proposition 8.1 Let (h:V → W,L) be a non good generating pair of degree
2 with L2 = 4; then there exist smooth curves Ci, i = 1, 2, of genus gi > 0 and
double covers φi:Ci → P1 such that (h:V → W,L) is obtained by a sequence
of unessential blow–ups from a generating pair constructed from φi:Ci → P1
as in example 3.5.
Proof: By proposition 6.3 we can assume that the pair is minimal.
Let C ∈ |L| be general and let C ′ = h∗C. By [Mu], p. 346, we see that the
Galois group G of the composition of C ′ → C with the hyperelliptic involution
on C can be identified with Z2 × Z2. As in the proof of lemma 6.8, denote
by σ the element of G such that C ′/ < σ >= C and by σi (i = 1, 2) the
remaining non trivial elements. For i = 1, 2, set pi:C
′ → Ci = C ′/ < σi >
the corresponding projection and notice that Ci is a smooth curve of genus gi,
where g1 + g2 = g − 1 and there exists a cartesian diagram:
C ′
π2→ C2
π1 ↓ ↓ φ2
C1
φ1→ P1
(6)
where, for i = 1, 2, φi:Ci → P1 is a double cover. In the present case there is
an isomorphism Prym(C ′, C) = J(C1)×J(C2) as principally polarized abelian
varieties, and A = Alb(V ) is also isomorphic to Prym(C ′, C) by theorem 6.1.
We can assume that g1 ≤ g2 and the condition that C ′ is not hyperelliptic
ensures that g1 > 0. Notice the existence of commutative diagrams:
C ′ → Prym(C ′, C)
πi ↓ ↓ pi
Ci → J(Ci)
(7)
where C ′ → Prym(C ′, C) is the Abel-Prym map, Ci → J(Ci) is the Abel-
Jacobi map and pi:Prym(C
′, C) = J(C1)× J(C2)→ J(Ci) is the i-th projec-
tion, i = 1, 2.
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As in the proof of lemma 6.8, one shows that there exist involutions τ1, τ2
on V that act on C ′ as σ1, respectively, σ2. Clearly, the involution ι associated
to h is equal to τ1 ◦ τ2. We denote by Si the quotient surface V/< τi >,
by hi:V → Si the projection onto the quotient and by Ci the image in Si
of a general C ′. The singularities of S1 and S2, if any, are A1 points and
q(Si) = gi. More precisely, we claim that J(Ci) is the Albanese variety of
Si. Indeed, the map V → J(Ci) obtained by composing the Albanese map
of V with the projection onto Ci is equivariant with respect to τi, provided
that the base point of the Albanese map is invariant for τi. Thus we have an
induced map Si → J(Ci) and thus the Albanese variety Ai of Si is isogenous
to J(Ci). To show that this isogeny is actually an isomorphism, it is enough
to remark that the map H1(V,Z) → H1(J(Ci),Z) is surjective, since it is the
composition of H1(V,Z) → H1(A,Z), that is an isomorphism up to torsion,
and of H1(A,Z) → H1(J(Ci),Z) which is surjective. On the other hand,
H1(V,Z) → H1(J(Ci),Z) is also the composition of H1(V,Z) → H1(Si,Z)
and H1(Si,Z) → H1(J(Ci),Z), hence the latter map is surjective and Ai is
isomorphic to J(Ci).
We claim that Si is birational to P
1 × Ci. Indeed, by proposition 4.3 the
curve Ci does not vary in moduli and the Albanese image of Si is a curve.
By proposition 4.4, this concludes the proof of the claim. In particular the
Albanese image of Si is the curve Ci.
Composing hi with the Albanese map Si → Ci, we get morphisms fi:V →
Ci, i = 1, 2. Denote by Fi a fibre of fi. The Index theorem applied to F1 + F2
and L′ gives 2(F1F2)L
′2 ≤ [L′(F1 + F2)]2 = 16, namely L′2 ≤ 8, L2 ≤ 4. If
L2 = 4, then F1F2 = 1 and L
′ is numerically equivalent to 2F1 + 2F2. Thus
f = f1 × f2:V → C1 × C2 is birational, and therefore it is an isomorphism
since V is minimal. One has: τ1 = σ1 × Id, τ2 = Id× σ2, ι = σ1 × σ2 and the
curves of |L′| are invariant for τ1, τ2 and it is easy to see that (h:V → W,L)
is precisely as in example 3.5. ⋄
Next we classify pairs of degree 2 and Kodaira dimension 0.
Proposition 8.2 Let (h:V → W,L) be a generating pair of degree 2 and
genus g; if the Kodaira dimension of the pair is 0, then it can be obtained from
example 3.1 (Beauville’s example) by a sequence of simple blow-ups, only three
of which at most essential, of weight 1.
Proof: Assume that the pair has Kodaira dimension 0 and is minimal. By
proposition 5.4 and corollary 6.4, we see that g = 3 and the irregularity of V
is 2, hence V is an abelian surface. Since q(W ) = 0 by proposition 5.4, W is
the Kummer surface of V . By theorem 6.1, if C ∈ |L| is general then V is
isomorphic to Prym(C ′, C) and thus, in particular, it is principally polarized.
In addition, by Welters criterion, C ′ is a divisor of type (2, 2) and thus we
have precisely example 3.1. By corollary 6.3, this implies that if the pair is
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not minimal, then it is obtained from example 3.1 by a sequence of blow–ups
of weight 0 or 1. Since L is big by assumption and example 3.1 has L2 = 4,
there are at most 3 blow–ups of weight 1 in the sequence. ⋄
The next result is an almost complete classification of pairs of degree 2 and
Kodaira dimension 1.
Proposition 8.3 Let (h:V → W,L) be a generating pair of degree 2 and
genus g with Kodaira dimension 1. Then there exist an elliptic curve E and
an hyperelliptic curve B of genus g−2 ≥ 2 such that (h:V →W,L) is obtained
by a sequence of simple blow–ups of degree 0 or 1 from one of the following:
(a) the pair constructed from E and B as in example 3.5. In this case the
pair is not good;
(b) a pair (h0:V0 → W0, L0) such that g = 4 (and thus B has genus 2),
V0 = B × E and h0:V0 → W0 is the quotient map for the Z2–action given by
(b, e) 7→ (j(b), σ(e)), where j is the hyperelliptic involution of B and σ is an
involution of E with rational quotient. In this case L2 = 2, and, if the pair is
good, then h0(W,L) = 2.
Proof: By corollary 6.3 we may assume that (h:V →W,L) is minimal.
Let V → B be the elliptic fibration. By a result of Beauville (see [B4], pg.
345) and by corollary 6.2, V is a product B×E, where E is the general fibre of
V → B. The involution ι determined by h on V preserves the fibration V → E,
and, since the quotient of V by ι is regular, it acts on B as an involution j
with rational quotient. Thus ι can be written as (b, e) 7→ (j(b), σb(e)), where
σb:E → E is an automorphism of E. If σb is a translation for every b ∈ B,
then the pull-back on V of the nonzero 1-form of E is invariant for ι, but
this contradicts the regularity of W . So σb is not a translation. Since ι
2 = 1,
one has σb ◦ σj(b) = 1, and, if b0 is a fixed point of j, then σ2b0 = 1. So σb0
acts on H0(E, ωE) as multiplication by −1. Since the possible actions of an
automorphism of E on H0(E, ωE) are a finite number, it follows that σb acts
on H0(E, ωE) as multiplication by −1 for every b ∈ B. Thus we have σ2b = 1,
namely σb = σj(b). So b 7→ σb descends to a map B/ < j >= P1 → Aut(E)
and it is therefore constant. Notice that B has genus g−2 ≥ 2, since κ(V ) = 1.
Denote by F the general fibre of the pencil p1:W → P1 = B/ < j >; F
is isomorphic to E and p1 has 2g − 2 double fibres, each containing 4 nodes
of W . Now, with the usual notation, we take C ∈ |L| a general curve and
C ′ = h∗C. Note that CF is even, since p1 has double fibres and the general
C contains no singular point of W . So we set CF = 2l. The system |KW | is
equal to |(g − 3)F |, and thus the adjunction formula on V gives:
4(g − 1) = C ′2 + C ′KV = C ′2 + 4l(g − 3).
If l = 1, then we have C ′2 = 8, namely L2 = 4, and p1 restricts to a g
1
2 on C, so
that C is hyperelliptic and the pair is not good. Thus proposition 8.1 implies
35
that we are in case (a). Then we have 0 < C ′2 = 4[g(1 − l) + 3l − 1], which
leaves us with the only possibility l = 2, g = 4, C ′2 = 4, and therefore C2 = 2
and this is case (b). If the pair is good, then h0(W,L) = 2 by proposition 7.5.
⋄
By proposition 5.4, only non good generating pairs can have degree 3 or 4
and only for very restricted values of the genus g. The following theorem gives
some more information on this case:
Proposition 8.4 Let (h:V →W,L) be a generating pair of degree d > 2 and
genus g. Then one of the following holds:
i) d = 3, q(V ) = g = 2, κ(V ) ≥ 0, pg(V ) ≥ 1;
ii) d = 3, q(V ) = 4, g = 3, pg(V ) ≥ 4, V is a surface of general type and
its Albanese image is a surface;
iii) d = 4, q(V ) = 3, g = 2, pg(V ) ≥ 2 and the Albanese image of V is a
surface.
Proof: The possible values of d and g and the corresponding values of the
irregularity of V are given in proposition 5.4, as well as the assertion on the
dimension of the Albanese image of V in case iii). The claim on the dimension
of the Albanese image of V in the case ii) follows by lemma 5.2. So the Albanese
image of V is a surface, and thus V is not ruled in these cases.
Assume now that we are in case ii), so that κ(V ) ≥ 1, by the Kodaira–
Enriques classification of surfaces. If κ(V ) = 1, then the minimal model V¯ of
V is equal to E × B, where E is an elliptic curve and B is a smooth curve of
genus 3, since otherwise the Albanese image of V would be a curve (cf. [De1],
Lemma page 345), contradicting theorem 6.1.
We recall that W is regular by proposition 5.4 and that the surfaces V and
W have the same Kodaira dimension by proposition 5.5. Let p¯:W → P1 be
the elliptic fibration on W . Clearly we have a commutative diagram:
V
p→ B
h ↓ ↓ h¯
W
p¯→ P1
where p:V → B is the composition of V → V¯ and of the projection V¯ =
B×E → B, and h¯:B → P1 has degree 3. The map h:V → W , being finite, is
obtained from h¯ by base change and normalization. Let y ∈ P1 be such that
h¯ is branched at y and assume that h¯∗y = 2x1 + x2, with x1 6= x2. Since h is
e´tale in codimension 1, in particular it is not ramified along p−1x1. It follows
that the fibre of p¯ over y must be a double fibre. But then the fibre of p over
x2 is a double fibre, since the diagram is commutative and h¯ is unramified at
x2. This is impossible, since p is obtained from the projection B ×E → B by
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a composition of blow–ups. Thus the ramification points of p¯ all have order
3, and there are 5 of them by the Hurwitz formula. By the classical Riemann
construction, the covering p¯:B → P1 is determined, up to isomorphism, by the
branch points y1, . . . y5 ∈ P1 and by permutations σi ∈ S3 describing the local
monodromy at yi. The σi satisfy σ1 . . . σ5 = 1. Up to renumbering the yi, the
only possibility is that there is a 3-cycle σ ∈ S3 such that σi = σ for i = 1 . . . 4
and σ5 = σ
−1. By [Pa1], proposition 2.1, there exists a cyclic cover with these
properties, and thus h¯:B → P1 is cyclic, and the same is true for h:V → W .
The Galois group Z3 of h acts also on the minimal model V¯ = E×B of V , and
the quotient is a surface W¯ with rational singularities. The minimal resolution
W˜ of W¯ has invariants pg = 3, q = 0. Arguing as in the proof of proposition
8.3, one shows that a generator γ of Z3 acts on V by (b, e) 7→ (γb, σbe), where
the action of γ on B is the one associated to the Galois cover h¯:V → P1 and
σb is an automorphism of order 3 of E that is not a translation. The action of
σb on H
0(E, ωE) is independent of b. Each of the curves {xi} ×E, i = 1 . . . 5,
contains 3 fixed points of the Z3 action on V¯ , and these are the only fixed
points. The surface W˜ has an A2 singularity at the image of a fixed point P
of V if the representation of Z3 on the tangent space at V¯ in P is contained
in SL(2,C) and has a singulairty of type 1
3
(1, 1) otherwise. From the above
description of the Z3 action, it follows that W¯ has either 12 points of type A2
and 3 points of type 1
3
(1, 1), or it has 3 points of type A2 and 12 points of type
1
3
(1, 1). The Euler characteristics of V¯ and of W˜ are related by the formula:
χ(V¯ ) = 3χ(W˜ )− 1
3
α− 2
3
β
where α is the number of singularities of type 1
3
(1, 1) and β is the number
of singularities of type A2. Thus we have either χ(W˜ ) = 3 or χ(W˜ ) = 2,
contradicting χ(W˜ ) = 4. So this case does not occur, and we have shown that
κ(V ) = 2 if q(V ) = 4. In particular, one has pg(V ) ≥ 4.
We turn now to the case q(V ) = g = 2. Suppose that V is ruled and denote
by p:V → B the Albanese pencil of V , where B is a curve of genus 2. We can
consider a minimal model V¯ of V that is a geometrically ruled surface over
B. Arguing exactly as in the previous case, one shows that the Galois group
of h is isomorphic to Z3. Therefore Z3 acts also on V¯ with 8 fixed points,
giving rise to 4 singularities of type A2 and 4 singularities of type
1
3
(1, 1) of the
quotient surface W¯ . The minimal desingularization of W¯ is a rational surface
and thus we have a contradition, using again the formula above for the Euler
characteristics. In particular, χ(V ) ≥ 0, namely pg(V ) ≥ q(V )− 1 = 1. ⋄
37
References
[Bab] D.W.Babbage, Multiple canonical surfaces, Proc. Cambridge Phil.
Soc., 30 (1934).
[BdF] G.Bagnera, M.De Franchis, Le superficie algebriche le quali ammet-
tono una rappresentazione parametrica mediante funzioni iperellittiche
di due argomenti, Mem. Accad. dei XL, 15 (1908), 251–343.
[Ba] W.Barth, K3 Surfaces with nine cusps, Geometria dedicata, 72
(1998), 171–178.
[B1] A.Beauville, Prym varieties and the Schottky problem, Inventiones
math., 41 (1977), 149–196.
[B2] A.Beauville, L’application canonique pour le surfaces de type ge´ne´ral,
Inventiones math., 55 (1979), 121–140.
[B3] A.Beauville, Sous-varie´te´s speciales de varie´te´s de Prym, Compositio
Mathematica, 45 (1982), 357–383.
[B4] A.Beauville, L’ine´galite´ pg ≥ 2q−4 pour les surfaces de type ge´ne´rale,
Appendix to [De1], Bull. Soc. Math. de France, vol. 110 (1982), 343–
346.
[B5] A.Beauville, Prym Varieties: A Survey, Proceedings of Symposia in
Pure Mathematics, 49 (1989), 607–620.
[BL1] Ch.Birkenhake, H.Lange, Complex abelian varieties, G. m. W. 302,
Springer-Verlag, 1992.
[BL2] Ch.Birkenhake, H.Lange, A family of abelian surfaces and curves of
genus four, Manuscr. math., 85 (1994), 393–407.
[Ca1] G.Casnati, Covers of algebraic varieties I: a general structure theorem,
covers of degree 3,4 and Enriques surfaces, J. Algebraic Geometry, 5
(1996), 439–460.
[Ca2] G.Casnati, Covers of algebraic varieties III: the discriminant of a
cover of degree 4 and the trigonal construction, Trans. of the A.M.S.,
vol. 350, 4 (1998), 1359–1378.
[Cat1] F.Catanese, Babbage’s conjecture, contact of surfaces, symmetric de-
terminantal varieties and applications, Invent. Math., vol. 63 (1981),
433–465.
38
[Cat2] F.Catanese, Canonical rings and “special” surfaces of general type,
Proceedings of Symposia in Pure Mathematics, vol. 46 (1987), 175–
194.
[CCML] F.Catanese, C.Ciliberto, M.Mendes Lopes, On the classification of
irregular surfaces of general type with non birational bicanonical map,
Transactions of tha A.M.S., vol. 350 (1998), 275–308.
[C1] C.Ciliberto, A few comments on some aspects of the mathematical
work of F. Enriques, in Geometry and Complex Variables (ed. S. Co-
hen), Lecture Notes in Pure and Appl. Math, Marcel Decker, 89-109
(1991).
[C2] C.Ciliberto, The bicanonical map for surfaces of general type, Pro-
ceedings of Symposia in Pure Mathematics, vol. 62.1 (1997), 57–84.
[De1] O.Debarre, Ine`galite`es nume`riques pour les surfaces de type ge`neral,
Bull. Soc. Math. de France, vol. 110 (1982), 319–346.
[De2] O.Debarre, Sur les varie´te´s de Prym des courbes te´tragonales, Ann.
Sci. E.N.S., vol. 21 (1988), 545–559.
[GL] M.Green, R.Lazarsfeld, On projective normality of complete linear
systems on an algebraic curve, Invent. Math., vol. 83 (1985), 73–90.
[GM] M.Goresky, R.MacPherson, Stratified Morse Theory, Ergebnisse der
Mathematik und ihre Grenzgebiete 3. Folge, Band 14, Springer–
Verlag.
[Mi] R.Miranda, Triple covers in algebraic geometry, American J. Math.,
107 (1985), 1123–1158.
[MP] M.Mendes Lopes, R.Pardini, Irregular canonical double surfaces,
Nagoya J. of Math., 152 (1998), 203-230.
[ML] M.Mendes Lopes, Adjoint systems on surfaces, Boll. Un. Mat. Ital. A
(7), 10 (1996), 169-179.
[Mi] Y.Miyaoka, The maximal number of quotient singularities on surfaces
with given numerical invariants, Math. Ann., 268 (1984), 159–171.
[Mu] D.Mumford, Prym varieties I, in Contribution to Analysis, New York
1974, 325–350.
[Na1] J.C.Naranjo, Prym varieties of bi-elliptic curves, J. reine angew.
Math., vol. 424 (1992), 47–106.
39
[Na2] J.C.Naranjo, The positive dimensional fibres of the Prym map, Pacific
J. of Mathematics, vol. 172 (1996), 223–226.
[Pa1] R.Pardini, Abelian covers of algebraic varieties, J. reine angew. Math.,
417 (1991), 191–213.
[Pa2] R.Pardini, Canonical images of surfaces, J. reine angew. Math., 417
(1991), 215–219.
[Rec] S.Recillas, Jacobian of curves with g14 are Prym of trigonal curves,
Math. Mexicana, 19 (1974), 9–13.
[Re] I.Reider, Vector bundles of rank 2 and linear systems on algebraic
surfaces, Annals of Mathematics, 127 (1988), 309–316.
[Se] F.Serrano, Isotrivial fibred surfaces, Annali di Matematica pura ed
applicata (IV), CLXX1 (1996), 63–81.
[VdGZ] G.van der Geer, D.Zagier, The Hilbert modular group for the field
Q(
√
13), Inventiones math., 42 (1977), 93–134.
[Xi] G.Xiao, Irregularity of surfaces with a linear pencil, Duke Math. J.,
55, n. 3 (1987), 597–602.
[Za] O.Zariski, The theorem of Riemann-Roch for high multiples of an ef-
fective divisor on an algebraic surface, in Oscar Zariski: Collected pa-
pers, Volume II, M.Artin, D.Mumford editors, The MIT press (1973),
450–505.
Authors’ adddresses:
Ciro Ciliberto and Francesca Tovena
Universita` di Roma Tor Vergata
Dipartimento di Matematica
Via della Ricerca Scientifica
00133 Roma, Italia
Rita Pardini
Universita` di Pisa
Dipartimento di Matematica ”L. Tonelli”
Via F. Buonarroti 2
56127 Pisa, Italia
40
